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Chapter 1
Introduction
Computers are machines that solve problems. Like all machines, they are built
and operate according to well-understood physical principles. Present-day com-
puters are built from physical systems that can be described using classical
physics. However, in recent years our ability to manipulate quantum mechani-
cal systems has improved substantially, and with this has come the potential of
building a computer which operates according to quantum physics, rather than
classical physics. It has been shown that a quantum computer, if it could be
built, could eciently solve a variety of problems that currently have no ecient
solution on classical computers.
To obtain a performance improvement over a classical computer, quantum
computers must exploit entanglement in large numbers of quantum mechanical
particles. In this thesis we will investigate how the necessary entanglement for
quantum computing may be present in natural phases of quantum matter. In
this chapter we will introduce key concepts and tools from quantum computation
and many-body physics and summarise our main results.
1.1 Quantum computation
Here we will provide a brief introduction to quantum computation, with a par-
ticular emphasis on measurement-based quantum computation (MBQC). The
concept of MBQC is central to the research presented in this thesis, and in the
following section we will show how it may be applied to various systems systems
in many-body physics. Our intention here is to provide the reader with a broad
overview of essential concepts, without including all the detail required for full
rigor. We will assume basic knowledge of quantum physics. A more thorough
overview of quantum computation is provided in Nielsen and Chuang (2004).
We will start with a brief explanation of the circuit model of quantum compu-
tation, and some preliminary denitions. A qubit is a generic two-level quantum
system that represents the basic unit of quantum information. The Hilbert space
of a single qubit is spanned the two states j0i and j1i, while the Hilbert space of
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n qubits is spanned by the 2n states fji1i
ji2i
  
jini : ij 2 f0; 1g; 8jg. We
will dene a quantum circuit to be sequence of unitary operators, called gates,
where each gate acts on a nite number of quantum qubits and is selected from
some nite gate set. A gate set is universal if any unitary (on an arbitrary
number of particles) can be approximated arbitrarily well by taking products
of elements in the gate set. An example of a universal gate set is given by the
single qubit gates
H =
1p
2

1 1
1  1

; T =

1 0
0 exp (i=4)

; (1.1)
called the Hadamard and =8 gate respectively, combined with the two-qubit
CNOT gate
CNOT =
0BB@
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0
1CCA ; (1.2)
where all operators are expressed in the standard computation basis. In the
circuit model of quantum computation, a quantum circuit is used to solve com-
putational problems. More precisely, a quantum computation in the circuit
model involves initialising a collection of N qubits in the j0i state, applying
a quantum circuit to those particles, then measuring each qubit (or a subset
of those qubits) in the computational basis. The algorithm and the input is
specied in the sequence of quantum gates used in the circuit, and the output
is the string of bits obtained from the nal measurement.
We can measure the eciency of an algorithm, quantum or classical, by the
amount of time and the amount of space (memory) required to arrive at the
solution to the problem and, in particular, how these requirements grow as the
size of the problem instance increases. If N is the number of bits specifying the
problem instance, we regard an algorithm as ecient if it requires O(poly(N))
time (in the worst case) to arrive at the solution. Problems which lack polyno-
mial time algorithms are regarded as intractable.
The appeal of quantum computing comes from the fact that there are prob-
lems which are intractable with respect to a classical computer, but which can
be solved eciently with a quantum algorithm in the circuit model of quantum
computation. In the following section we will introduce an alternative to the
circuit model that provides an equivalent speed up.
1.1.1 Measurement-based quantum computation
The circuit model of quantum computation is often taken to be denition of
quantum computation, however there are alternative models that can provide
an equivalent speed-up. One model that has recieved signicant attention is
measurement-based quantum computation (MBQC). In MBQC, a specially en-
tangled state of many particles, called a universal resource, is prepared before
the computation begins. The output of an arbitrary quantum algorithm is then
7
obtained simply by measuring individual particles in the resource and perform-
ing a small amount of classical processing. In the MBQC model, the algorithm
is specied as a sequence of single-particle measurements, combined with classi-
cal processing of the measurement outcomes, which is in contrast to the circuit
model, where an algorithm is specied as a sequence of unitary gates. MBQC
is as powerful as the circuit model, in the sense that the output of a quantum
circuit of depth T can be obtained in O(T ) time in the measurement-based
model. Given that single-particle measurements cannot create entanglement,
all the necessary entanglement required for universal quantum computing must
exist in the universal resource before computation begins. This is in contrast
to the circuit model, which builds up entanglement throughout the execution of
the algorithm.
For a state to be a universal resource, it must posess a special kind of entan-
glement. The canonical examples of universal resource states are graph states.
Given a graph G with N vertices, a graph state jGi of N qubits is dened as
follows: at each vertex of the graph, place a qubit in the j+i := 1=p2(j0i+ j1i)
state, then between any two particles whose vertices are connected by an edge,
apply an entangling gate CZ := exp(ij11ih11j). The result is an entangled
state of many qubits. It turns out that if G is a square lattice, the graph state
jGi is a universal resource. More precisely, the output of a quantum circuit of
depth T involving M qubits can obtained in O(T ) time simply by measuring
individual particles in the graph state on a LL square lattice with dimension
L = O(max(T;M)). We will call a graph state on a square lattice a cluster
state.
The fact that MBQC with cluster states has equivalent computational power
to the circuit model follows from the fact that in MBQC, we can eectively
implement a universal set of gates by single-particle measurement. In Fig. 1.1
we illustrate how CNOT and arbitrary single qubit gates (which together are
universal) can be applied to an `input' by measuring individual qubits in graph
states. These graphs can be concatenated to build up arbitrary measurement-
based quantum circuits. Furthermore, measuring a graph state qubit in the Z
basis results in a new graph state, identical to the original except with all the
edges connecting to the measured qubit removed. Thus, we can implement an
arbitrary quantum circuit starting with a cluster state as follows. We use Z
measurements to carve out the desired quantum circuit, then apply the gates to
a register of qubits initialised in the j+i state with the measurements illustrated
in Fig. 1.1.
Here we have outlined the basic idea of MBQC, and have shown how the
cluster state is a universal resource for MBQC by showing that we can eciently
obtain the output of arbitrary quantum circuits by measuring individual par-
ticles in it. Aside from the cluster state, a number of other states have been
shown to be universal for MBQC. In particular, states appearing in the eld of
many-body physics have been shown to be universal resources. In the following
section we will introduce key concepts in many-body physics, and how they can
be viewed from the perspective of quantum information.
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Xtarget X X Y X X out 2
Y
Xcontrol Y Y Y Y Y out 1
(a) CNOT gate
Xinput x1 
z
2 
x
3 output
(b) Arbitrary single-qubit gate
Figure 1.1: Implementing gates in MBQC. First, a graph state is constructed
as follows. A qubit in the j+i state is placed at each orange vertex, while
arbitrary qubits (representing the gate input) are placed on the white vertices.
Entangling CZ gates are then applied between any pair of qubits connected by
an edge. After such graph states (with input) have been prepared, each qubit is
measured with a specied operator: where X and Y represent the Pauli X and
Y operators and  corresponds to a measurement in either the basis j0i eij1i
or j0i  e ij1i, depending on the outcomes of previous measurements. Note
that the dependence of measurement choice on previous measurements implies
that the measurements cannot all be performed simultaneously, and this gives
MBQC its time depth. After measuring the labelled particles, the remaining
unmeasured particles will be in a state corresponding to the the input with a
gate applied: in (a) a CNOT gate will be applied to the input, in (b) an arbitrary
single-qubit gate, decomposed as e i(3=2)Xe i(2=2)Ze i(1=2)X , will be applied.
A Pauli operator, dependent on the measurement outcomes, will be applied to
the output in addition to the desired gate, however these may be removed at the
end of the computation by an appropriate choice of single-particle measurement.
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1.2 Quantum many-body physics
One application of the MBQC framework is to study the computational power of
systems in quantum many-body physics. Here we will introduce some essential
concepts in many-body physics. In particular, we will highlight the overlap
between quantum many-body physics and MBQC, which is a central theme of
the research presented in this thesis.
Quantum many-body physics is the study of phenomena that arise in large
numbers of interacting quantum particles, such as in condensed-matter systems.
To study such systems, models described by local Hamiltonians of the form
H =
P
 h are used, where each interaction term h is a Hermetian operator
that acts non-trivially on a small number of particles (and as the identity on
the remainder). These models are not exact representations of real systems but
nevertheless capture much of their essential physics. In the following section we
will describe a well-studied model from many-body physics, called the Aeck-
Kennedy-Lieb-Tasaki (AKLT) model Aeck et al. (1987) . We will then explore
recently discovered connections between MBQC and many-body physics and
summarise how our research contributes to this eld.
1.2.1 The AKLT model and tensor network ground states
Here we describe a simple model of a quantum antiferromagnet called the AKLT
model, around which much of the research presented in this thesis is centered.
The AKLT model in 1D describes a chain of interacting spin-1 particles with a
Hamiltonian given by
HA =
NX
i=1
P J=2i;i+1 ; (1.3)
where P J=2i;i+1 is the projection onto total spin-2 for particles i and i + 1 and,
for simplicity, we impose periodic boundary conditions by dening P J=2N;N+1 :=
P J=2N;1 . This model is antiferromagnetic in sense that alignment of neighbouring
spins is energetically penalised. In later chapters we will see how the AKLT
model can be generalised to higher dimensions.
The AKLT model has a number of interesting properties, making it a model
of central importance in condensed-matter physics and, more recently, in quan-
tum information theory. For instance, unlike generic spin models, we can write
down an exact expression for its lowest energy eigenstate, or ground state. Its
ground state, called the AKLT state, is an example of what is known as a matrix
product state (MPS) Perez-Garca et al. (2007), which is a state of the formX
i1;i2;:::;in
tr(A(n)[in] : : : A
(2)[i2]A
(1)[i1])ji1i2 : : : ini ; (1.4)
where A(k), for k = 1; 2; : : : ; n are antilinear maps from the d dimensional local
Hilbert space of each particle to D  D matrices, and D is some some xed,
system-size-independent constant called the bond dimension. The AKLT state
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is an MPS with bond dimension D = 2 with matrices given by A[1] =
p
2j0ih1j,
A[ 1] =  p2j1ih0j and A[0] = Z.
MPS have been generalised in many ways. For instance, entangled states
called projected entangled pair states (PEPS) Perez-Garca et al. (2008) in two
and higher dimensions are dened using multiple-index tensors, rather than ma-
trices. Such states can be described more eciently (i.e. with fewer parameters)
than generic quantum states, due to the fact that their entanglement satises an
area law, i.e. the entanglement entropy of a block of spins grows with the area
of the block, not with the volume. It is believed that states satisfying an area
law naturally describe natural ground states of gapped many-body systems.
A more recent application of the tensor networks is for describing the ow of
quantum information in MBQC. In the following section we will describe how
MBQC can be studied in many-body quantum systems using such techniques.
1.2.2 MBQC with ground states
The framework of MBQC provides a new perspective for studying systems in
many-body physics, namely it allows us to ask whether the ground states of such
systems can be used as universal resources for MBQC. Results in this area could
shed light on the intrinsic computational power of natural physical systems and
lead to experimental realisations of quantum computation where a ground state
is prepared (by cooling) then measured. Here we will outline key concepts and
results from this area of research.
Firstly, we dene another simple, yet slightly unnatural, model called the
cluster model. The cluster model is dened with respect to a graph G with N
vertices as a Hamiltonian HC acting on N qubits
HC =  
X
i
Xi
Y
j2ni
Zj ; (1.5)
where the sum is taken over all vertices, Xi and Zi are, respectively, Pauli X
and Z operators acting on particle i, and ni refers to all particles connected to
particle i with and edge in G. The non-degenerate ground state of this model
is the graph state jGi.
Thus, dened on a square lattice, this model has a ground state that is a
universal resource. Unfortunately, such a model would be dicult to realise in
an experiment, due to the fact that it has ve-body interaction terms that do
not exist in nature. A central question of much research interest is whether there
exist `natural' systems with ground states that are universal resource states.
Natural spin-spin interactions, for instance the Heisenberg interaction, are
two-body, i.e. each interaction term acts non-trivially on at most two particles.
One might hope that there exist two-body Hamiltonians which have cluster
states as unique ground states, however it has been shown that this is not
possible Nielsen (2006); Van den Nest et al. (2008). Fortunately, states dierent
from a cluster state can also be universal resources, and a number of two-
body models with ground states universal for MBQC have been found Bartlett
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and Rudolph (2006); Chen et al. (2009); Cai et al. (2010); Wei, Aeck, and
Raussendorf (2011); Miyake (2011); Li et al. (2011).
There are currently two main techniques for proving that a state is a uni-
versal resource for MBQC. The rst technique is to use the tensor network
description of the state Gross et al. (2007). Consider the AKLT state described
in Sec. 1.2.1 as an example. Measuring particle k and obtaining an outcome
corresponding to the state j0i, say, `xes' the tensor A[0] = Z at that site. This
can be viewed as the application of a Z gate to a virtual qubit in the space
on which the tensor acts, called the correlation space. Dierent gates may be
applied to the correlation space by selecting appropriate measurement bases.
Note that the randomness in measurement outcomes may result in undesired
gates being applied, however these can usually be compensated for in subse-
quent measurements. It turns out that universal quantum computation using
cluster states and a variety of other states can be viewed in this way.
The second technique is to use quantum state reduction Chen et al. (2010).
In quantum state reduction, universal MBQC is achieved by rst using single-
particle measurements to transform the state to a cluster state, then using the
resulting cluster state for MBQC in the usual way. If the initial reduction to a
cluster state can be performed eciently, then we have a proof that the state is
a universal resource state.
Thus there are many techniques at our disposal to study ground states as
universal resource states for MBQC. In the following section we will explore how
to extend this idea from ground states to phases of quantum matter.
1.2.3 Quantum computational phases of matter
The notions of robustness are central to both quantum computation and many-
body physics. With respect to the former, a quantum computer must be able to
function in the presence of physical imperfection and noise. On the other hand,
matter is intrinsically robust, in the sense that properties of matter typically
do not abrubtly change in the presense of small perturbations. Robustness in
many-body physics is particularly important in light of the fact that a model
dened by a specic Hamiltonian can only be an approximate, and not exact,
representation of a real physical system. Here we will outline how ideas from
many-body physics may be used to achieve robustness in ground-state MBQC.
A property of central importance in many-body physics is an energy gap
between the lowest energy level and the second lowest energy level of the Hamil-
tonian that persists in the thermodynamic limit. The AKLT model in 1D can
be proved to have a gap, while the Heisenberg model
P
i
~Si  ~Si+1 on a line with
spin-1/2 particles is gapless. The presence of gap implies that at suciently
low temperatures the system will be well approximated by its ground state, and
excitations will be suppressed. If the ground state is to be used for MBQC, a
gap could potentially protect the computation from thermal errors.
The gap property is intimately linked to the notion of a quantum phase
of matter. If the Hamiltonian dening the model is smoothly deformed by
varying parameters in the model (for instance by varying an external eld or an
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anisotropy), and the gap does not close, then the ground state properties are also
expected to vary smoothly. On the other hand, if the gap closes, ground state
properties may change abruptly. With this in mind, we say that two gapped
Hamiltonians are in the same phase if they can be connected by a continuous
path of Hamiltonians, all of which are gapped. For instance, the AKLT model
in 1D and the spin-1 Heisenberg model in 1D belong to a well studied phase,
called the Haldane phase.
For ground state MBQC, given that we cannot implement Hamiltonians ex-
actly in experiment, it is more useful to consider families of Hamiltonians, for
instance those connected by perturbations, rather than specic Hamiltonians.
We will call a connected region in the parameter space of a Hamiltonian with
ground states universal for MBQC a computational phase. Previous work on
computational phases has investigated the cluster model in external elds (also
at non-zero temperature) Barrett et al. (2009); Doherty and Bartlett (2009),
with competing Ising interactions Son et al. (2011), in three dimensions at
non-zero temperature Raussendorf, Harrington, and Goyal (2006a), with error-
suppressing interacting cluster terms Fujii et al. (2013), and under general sym-
metry preserving perturbations Else et al. (2012); Else, Bartlett, and Doherty
(2012). For two-body models, studies have looked at the Haldane phase in one
dimension Bartlett et al. (2010), and versions of the Hamiltonians in Ref. Li
et al. (2011), which can also be universal at non-zero temperature Fujii and
Morimae (2012); Wei, Li, and Kwek (2014).
1.3 Summary of thesis
In this thesis we explore various aspects of computational phases in natural spin
models. Here we will summarise the main results.
In Chapter 2 we study the computational power of a phase of matter de-
scribing a spin-3/2 antiferromagnet. While a specic point in the phase, called
the AKLT point, had previously been shown to be universal, we show that a
large region in this phase has ground states universal for MBQC. An interesting
property of this phase is that the phase boundary, separating disordered ground
states from Neel ordered ground states, appears to correspond to a transition in
the computational power of the ground state, from non-universal to universal
for MBQC.
In Chapter 3 we show that a variety of models, even those that don't have
universal ground states, can be made universal by deforming their Hamiltonian
in a particular way. This deformation works by making the ground state of the
model close to a graph state. It preserves two-bodiness despite the fact that
graph states themselves cannot be unique ground states of two-body Hamilto-
nians.
In Chapter 4, we propose a simple experiment to demonstrate MBQC with
ground states. We show that it is possible to simulate the ground state of
a spin-1 two-body Hamiltonian in a linear optical setting. Using linear optical
elements alone we can demonstrate essential MBQC logical operations, including
13
initialisation, application of single-qubit gates and readout. While somewhat
inecient, this proposal is easily accessible with present day technology. In
fact, an experiment was performed soon after this proposal in Kaltenbaek et al.
(2010).
Finally, in Chapter 5 we make concluding remarks, and suggest directions
for future reseach.
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Chapter 2
Measurement-based
quantum computation in a
two-dimensional phase of
matter
Abstract
Recently it has been shown that the non-local correlations needed for measurement-
based quantum computation (MBQC) can be revealed in the ground state of the
Aeck-Kennedy-Lieb-Tasaki (AKLT) model involving nearest neighbor spin-
3/2 interactions on a honeycomb lattice. This state is not singular but resides
in the disordered phase of ground states of a large family of Hamiltonians char-
acterized by short-range-correlated valence bond solid states. By applying local
ltering and adaptive single-particle measurements we show that most states
in the disordered phase can be reduced to a graph of correlated qubits that is
a scalable resource for MBQC. At the transition between the disordered and
Neel ordered phases we nd a transition from universal to non-universal states
as witnessed by the scaling of percolation in the reduced graph state.
2.1 Introduction
Quantum computers use entanglement to eciently perform tasks thought to
be intractable on classical computers. In one model of quantum computa-
tion, called measurement-based quantum computation (MBQC) Raussendorf
and Briegel (2001); Briegel et al. (2009), the entanglement is prepared in a sys-
tem of many particles called a resource state before computation takes place.
Given this resource state, a quantum algorithm proceeds by performing adap-
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tive, single-particle measurements, with classical processing of measurement
outcomes. This approach is convenient for physical implementations because
single-particle operations are usually less error prone than entangling ones. It is
also a fruitful theoretical model to investigate computationally useful phases of
matter which can be studied using well-established methods from many-body
physics.
If a resource state is to provide a quantum speed-up, it must have the right
kind of entanglement Gross, Flammia, and Eisert (2009). We call a resource
universal Gross et al. (2007) if we can eciently obtain the output of an arbi-
trary quantum computation by performing single-particle measurements on it.
The canonical example of a universal resource is the cluster state Raussendorf
and Briegel (2001).
While it is one thing to show that a resource is universal, for it to be viable
we must also be able to prepare it eciently and provide some shielding against
errors. It is hoped that these properties can be found in natural interacting
spin systems equipped with an energy gap. Finding universal resources that are
natural ground states is interesting in its own right, because it sheds some light
on the intrinsic computational power of natural systems.
Unfortunately, the cluster state is not a natural ground state. In fact, it is
impossible to have a universal resource of spin-1/2 particles that is the unique
ground state of a frustration-free Hamiltonian with only two particle interactions
Van den Nest et al. (2008); Chen et al. (2011); Nielsen (2006). However, this
negative result does not hold for higher level systems. For example, a gapped
Hamiltonian with two-body interactions involving essentially 8-dimensional sys-
tems (on a honeycomb lattice) or 16-dimensional systems (on a square lattice)
can produce ground states that are universal resources Bartlett and Rudolph
(2006); Grin and Bartlett (2008). Moreover, the tri-cluster state Chen et al.
(2009) on spin-5/2 particles is the ground state of a frustration-free, two-body
Hamiltonian and is a universal resource for MBQC. However, the Hamiltonians
of both of these models lack natural symmetries. Resources with more natu-
ral interactions based on the Aeck-Kennedy-Lieb-Tasaki (AKLT) state (which
we dene in Sec. 2.2), have also been found. These models are two-body, ro-
tationally symmetric and Heisenberg-like. The one-dimensional AKLT state on
a chain Gross, Flammia, and Eisert (2009); Brennen and Miyake (2008), while
not universal, can be used to implement single qubit unitaries. Theoretical con-
structions based on the AKLT state by Cai et al. Cai et al. (2010) and Li et
al. Li et al. (2011) were shown to be universal, the latter working at non-zero
temperature with always-on interactions. Finally, the two-dimensional AKLT
state on a trivalent lattice is universal Wei, Aeck, and Raussendorf (2011);
Miyake (2011).
A potential diculty with these approaches is that requiring an exact Hamil-
tonian to produce a ground state is not robust: a physical Hamiltonian will
be perturbed from the ideal one to some degree. Hence a phase that is uni-
versal, rather than a specic ground state, is a more realistic computational
resource. The computational power of certain cluster state phases have been
studied Browne et al. (2008); Barrett et al. (2009); Doherty and Bartlett (2009).
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In addition, the more natural spin-1 Haldane phase can be used as a resource to
perform single qubit unitary operations Bartlett et al. (2010), but not arbitrary
quantum computations.
In this paper we investigate the computational power of ground states in
a spin-3/2 phase of matter originally studied by Niggemann et al. Niggemann,
Klumper, and Zittartz (1997), which includes the 2D AKLT state. We nd that
a large portion of the phase has ground states that are universal resources, fol-
lowing similar methods to Wei, Aeck, and Raussendorf (2011); Miyake (2011).
The phase has several interesting points including a unique point where only
projective measurements (as opposed to general POVM measurements) are nec-
essary, and a transition in computational power that coincides with the phase
boundary.
The paper is structured as follows. In section 2.2 we describe the spin-3/2
model dened in Niggemann, Klumper, and Zittartz (1997). The computational
power of this model is explored in section 2.3 by generalising methods used for
the 2D AKLT state Wei, Aeck, and Raussendorf (2011); Miyake (2011). In
section 2.4, we highlight signicant features in model from the perspective of
MBQC. We present our conclusions in section 2.5.
2.2 Model denitions
Consider a collection of spin-3/2 particles on a honeycomb lattice interacting
via the Hamiltonian
HAKLT =
X
<i;j>
PStot=3i;j ; (2.1)
where the sum is over each pair of nearest neighbours and
PS=3i;j =
243
1440
~Si  ~Sj + 29360 (~Si  ~Sj)2 + 190 (~Si  ~Sj)3 + 991152 ; (2.2)
projects nearest neighbours i and j onto the seven dimensional subspace of total
spin Stot = 3. We will call this model the 2D AKLT model after the authors
Aeck, Kennedy, Lieb and Tasaki who originally proposed it Aeck et al.
(1988). The AKLT model can be thought of as a deformation of the Heisenberg
model H =
P ~Si  ~Sj that preserves full rotational symmetry. Note, however,
that unlike the 1D case, the AKLT model and the Heisenberg model are not in
the same phase: the Heisenberg model has a Neel ordered ground state, while
the AKLT model does not. Thus the AKLT model is said to be in a disordered
phase. The absence of Neel order makes it a more realistic model for certain
systems, e.g. Bi3Mn4O12, which is a spin-3/2 antiferromagnet on a honeycomb
lattice without Neel order Ganesh et al. (2011). The ground state of the AKLT
model j AKLT i, which we will call the 2D AKLT state, is a valence-bond solid,
or projected entangled pair state (PEPS). Details of the PEPS construction of
ground states are included in Appendix 2.6.
Niggemann et al. Niggemann, Klumper, and Zittartz (1997) studied a 5-
parameter deformation of the 2D AKLT Hamiltonian which is frustration free
17
and whose ground state is a one-parameter deformation of the AKLT PEPS
(see Appendix 2.6). This Hamiltonian is still two-body nearest neighbour with
summands that preserve two Z2 symmetries, parity and spin ip, however it
breaks full rotational symmetry to a U(1) symmetry (arbitrary rotations about
the z-axis). The deformed even parity Hamiltonian is
H(a) =
X
<i;j>
[D(a)i 
D(a)j ]hi;j [D(a)i 
D(a)j ] ; (2.3)
where
hi;j =
3X
m= 3
jmjjStot = 3;mihStot = 3;mj : (2.4)
Here, D(a) = diag(
p
3=a; 1; 1;
p
3=a) in the Sz basis, the state jStot = 3;mi
is the two particle state with total spin-3 and total Sz component m, and the
continuous free parameters satisfy: 0; 1; 2; 3 > 0 and a can be positive or
negative. In this work we focus on the regime where a is strictly positive so that
D(a) is a bounded positive operator but our protocol works just as well for a
strictly negative with the replacement D(a)! D(jaj). Importantly, the ground
state of H(a) depends only on a and the ground state of H(
p
3) is j AKLT i.
The fully rotationally invariant interaction, HAKLT in Eq. (2.1), corresponds
to the choice of parameters a =
p
3 and m = 18m. With periodic boundary
conditions or with open boundaries and Heisenberg interactions between spin-
1/2 particles and the edges, the ground state j (a)i is unique for a > 0 and can
be obtained simply by applying the inverse deformation to the 2D AKLT state
j (a)i / (D(a) 1)
N j AKLT i : (2.5)
Using Monte Carlo sampling, Niggemann et. al Niggemann, Klumper, and Zit-
tartz (1997) found the ground states had exponentially decaying correlation
functions below a critical value of a2 = 6:46, while were Neel ordered above this
value. Thus, Hamiltonians in the 0 < a2 < 6:46 region are conjectured to be
gapped, while Hamiltonians in the a2 > 6:46 region are gapless Nachtergaele
and Sims (2006).
We will refer to the appearance of Neel order at a2 = 6:46 as the phase
transition in this model. We will label the region a2 < 6:46 as the AKLT phase,
and the region a2 > 6:46 as the Neel ordered phase. Note that the area law for
entanglement holds across this phase transition (PEPS dimension is constant),
a property that can only occur in PEPS on graphs of dimension greater than
one Verstraete et al. (2006). We also note that Schuch et al. Schuch, Perez-
Garca, and Cirac (2011) have studied classes of PEPS related by this type of
symmetry-preserving deformation.
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2.3 MBQC using ground states in the AKLT
phase
In this section we will look at how ground states in the AKLT phase (as dened
above) can be used for MBQC. To do this we generalise the existing method
used at the AKLT point Wei, Aeck, and Raussendorf (2011); Miyake (2011),
which we will briey review.
2.3.1 Protocol at AKLT point
The 2D AKLT state has been shown to be a universal resource for measurement-
based quantum computation Wei, Aeck, and Raussendorf (2011); Miyake
(2011). We will summarize the procedure for measurement-based quantum
computing on the 2D AKLT state by breaking it into two stages: reducing
to a stochastic graph state, then using this graph state for computation.
Reduction to stochastic graph state
The rst stage relies on the principle of quantum state reduction Chen et al.
(2010), where a resource is shown to be universal by proving that it can be
converted into a known universal resource eciently by single-particle measure-
ment. A three-outcome ltering measurement is performed on every particle.
Dene jmib to be the spin-3/2 state satisfying Sbjmib = mjmib where Sb is
the spin-3/2 component along the b axis, b 2 fx; y; zg, and m 2 f 32 ; 12 ;  12 ; 32g.
The measurement operators for the initial ltering are chosen to be fFx; Fy; Fzg
where
Fb =
r
2
3
 j 32 ibh 32 j+ j  32 ibh  32 j : (2.6)
These operators satisfy the completion relation F yxFx + F
y
yFy + F
y
zFz =
I and thus form a valid set of measurement operators, i.e., fEx; Ey; Ezg :=
fF yxFx; F yyFy; F yzFzg is a POVM Nielsen and Chuang (2004). The measurement,
applied globally, projects each spin-3/2 system onto a two dimensional, or qubit,
subspace. We label each particle either X, Y , or Z according to the outcome
of this measurement. The resulting collection of spin-3/2 particles encodes a
graph state, which can be proven using the stabilizer formalism Wei, Aeck,
and Raussendorf (2011) or by using a tensor network description Miyake (2011).
The graph state is encoded as follows (we have illustrated the encoding in
Fig. 2.1). A domain is dened as a connected set of particles with the same label.
Each domain encodes a single qubit in the graph state. An edge exists between
two encoded qubits if an odd number of bonds (in the original honeycomb
lattice) connect the corresponding domains.
We remark that the reduction of 2D AKLT state via a three-outcome POVM
to a stochastic graph state is similar to the reduction of the tri-cluster state to
a graph state described in Chen et al. (2010), however the graphs produced in
the latter are deterministic.
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Figure 2.1: Illustration of how the graph state is encoded on the post-ltering
AKLT state. In (a) we have a small 2D AKLT state on a trivalent lattice,
where each node corresponds to a spin-3/2 particle, and is labelled according
to the lter outcome obtained. In (b) nodes now represent domains of like
outcomes, and edges are bonds between domains. In (c) we have illustrated the
encoded graph state, obtained from (b) by deleting edges modulo 2. Each node
represents an encoded qubit, and each edge a graph state edge.
Using the stochastic graph state as resources
In the second stage of this method, the stochastic graph state is used for MBQC.
Following Ref. Wei, Aeck, and Raussendorf (2011), arbitrary quantum com-
putations may be performed by rst converting the post-lter graph state into
a cluster state on a square lattice, which is itself a universal resource Chen et al.
(2010). Alternatively, in Ref. Miyake (2011), `backbone' paths are identied
through the graph state along which correlation space qubits can propagate
and interact, again enabling universal quantum computation. Essentially, both
approaches use a stochastic graph state as a resource. Whether this is possible
depends on the stochastic graph states having certain desirable properties. We
will show how the same approach can be applied to deformed AKLT states.
2.3.2 Generalized reduction scheme
Here we generalize the above method to show how deformed 2D AKLT states can
be reduced to stochastic graph states using a modied version of the fFx; Fy; Fzg
measurement. For a  1 (we will consider the a < 1 case in section 2.4) we
dene three measurement operators as
Fx(a) =
s
4
3

a2
1 + a2

D(a)yFxD(a) ;
Fy(a) =
s
4
3

a2
1 + a2

D(a)yFyD(a) ;
Fz(a) = a
r
(a2   1)
6
D(a)yFzD(a) : (2.7)
Numerical prefactors are included to ensure that Fx(a)
yFx(a) + Fy(a)yFy(a) +
Fz(a)
yFz(a) = I. The measurement operators Fx(a), Fy(a), and Fz(a), like Fx,
Fy, Fz, are projections onto qubit subspaces, up to a constant factor.
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The reduction procedure involves performing this measurement on every
particle of the deformed ground state (D(a) 1)
N j AKLT i. The resulting state
after subjecting every particle of the deformed AKLT state j (a)i to a POVM
measurement fFx(a); Fy(a); Fz(a)g is equivalent to the state obtained by mea-
suring the undeformed state j AKLT i using the POVM fFx; Fy; Fzg and getting
the same outcomes, up to local unitaries.
Thus we can apply the existing methods in section 2.3.1 to resulting stochas-
tic graph states away from the AKLT point. However the success of these
methods depends on the stochastic graph states having certain properties. The
statistics that determine these properties are dependent on the value of a, as
we will explain in the following section.
2.3.3 Statistical model
Because each particle is measured with a three-outcome POVM, the total num-
ber of possible outcomes is 3N where N is the number of spin-3/2 particles.
Some of these outcomes correspond to computationally useful graph states (e.g.
if every domain had size one), while some will not (e.g. if every measurement
outcome was Z). Let  = 1; : : : ; N be a sequence of lter outcomes where i
is the lter outcome on spin i and is either X, Y or Z. At the AKLT point
it was shown in Wei, Aeck, and Raussendorf (2011) that the probability of
obtaining a particular  is
p() =
1
Z 2
jV ()j jE()j ; (2.8)
where jV ()j is the number of domains for a given outcome, jE()j is the number
of inter-domain bonds before deleting edges in the reduction to a graph state,
and Z =P0 2jV (0)j jE(0)j is a normalisation factor. A typical lter outcome,
sampled from this distribution, is shown in Fig. 2.2.
In Appendix 2.7 we explain how to use Eq. (2.7) to compare the norms (hence
probabilities) of the post-lter states at a 6= p3 to those at a = p3. The
probability of obtaining a particular lter outcome  with deformation a is
p(; a) =
1
Z(a)

a2   1
2
Nz()
2jV ()j jE()j ; (2.9)
where jV ()j and jE()j are as above, Nz() is the total number of Z lter
outcomes. These statistics are equivalent to a Potts-like spin model in the
canonical ensemble
p(; a) =
1
Z(a)e
 (E() V () B(a)Nz()) ; (2.10)
where the E() term is the Potts Hamiltonian Wu (1982), V () is a non-local
cluster counting term similar to the random cluster model Fortuin (1972); Ed-
wards and Sokal (1988), B(a)Nz() is an external eld term with strength
B(a) = log2 (a
2   1)   1, and the inverse temperature  = loge 2 is constant.
This shows that varying a to deform the AKLT model is like varying an external
magnetic eld in terms of the statistics of the lter outcomes.
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(a) (b)
Figure 2.2: A typical reduction outcome at the AKLT point. In (a) each node
corresponds to a spin-3/2 particle, and edges are drawn between nearest neigh-
bours. The nodes are coloured according to which outcome was obtained: Z
outcomes are cyan, X outcomes are magenta and Y outcomes are yellow. In
(b) the resulting graph state is drawn. Each node corresponds to a qubit (a
domain of like measurement outcomes), and edges correspond to graph state
edges. Periodic boundary conditions are imposed and, for clarity, some vertices
and edges have not been displayed. The graph has many crossings, making it
useful for MBQC.
2.3.4 Identifying computationally powerful ground states
Here we will show that, beyond the AKLT point at a =
p
3, there is a range
of a values that have universal ground states. The reduction process in section
2.3.2 produces stochastic graph states with statistics given by Eq. (2.9). For
some lter outcomes it is possible to convert the stochastic graph state to a
cluster state on a honeycomb lattice, which is itself a universal resource Nest
et al. (2007). A ground state at a given value of a is universal if we can reduce
it to a honeycomb cluster state eciently, i.e., if we can produce honeycomb
cluster states of size N from a ground state with poly(N) particles in poly(N)
time. There are two conditions that will ensure this is possible Wei, Aeck,
and Raussendorf (2011,?):
1. The maximum domain size scales no faster than logarithmically with the
lattice size;
2. The probability of the stochastic graph state having a crossing (a path of
edges connecting opposite boundaries of the graph) tends to one in the
limit of large N .
Condition 1 ensures that producing graph states with an arbitrary number of
qubits is possible. It also rules out the possibility of an macroscopic domain,
which would produce star-shaped graphs states (see Fig. 2.3c for an example
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that is not universal for MBQC). If condition 1 is satised then condition 2 will
imply the existence of a extensive number of crossings in both lattice dimensions,
which guarantees the existence of a honeycomb subgraph Browne et al. (2008),
and hence the universality of the state.
We performed Monte Carlo sampling over the distribution (2.9) to determine
which values of a correspond to ground states satisfying these two conditions.
We performed simulations on lattices of varying size up to 120  120 spins.
Details of the numerical methods used are provided in Appendix 2.8. Samples of
resulting graph states are displayed in Fig. 2.3. We found that maximum domain
sizes scale logarithmically in the region 1  a2 < 6:46 while a macroscopic (of
extensive size) domain appears at a2  6:46. The scaling of maximum domain
size at selected values of a is presented in Fig. 2.4 and the probability of obtaining
a macroscopic domain as a function of a is presented in Fig. 2.5 for various lattice
sizes.
To assess condition 2, we directly checked for the existence of a crossing of
the resulting stochastic graph state. We found numerically that the resulting
graphs have crossings with probability one for lattices of size 20 20 and larger
(up to 120120, the limit of our simulations), for all values of a. Our conclusion
is that there is computationally powerful region that ends at a2 = 6:46  0:05,
the upper limit corresponding to the boundary between the AKLT phase and
the Neel phase.
Due to the presence of a macroscopic domain of lter outcomes, our method
for MBQC does not work for a2 > 6:46, however we haven't ruled out the possi-
bility that ground states in this region can be used as computational resources
using another method. However, this is unlikely as ground states above the
critical point of a2 = 6:46 are Neel ordered. While states with long range order
are usually expected to not be universal for MBQC, we warn that exceptions
have been found Gross and Eisert (2007).
2.4 Exploring the phase
In this section we will highlight signicant features of the model characterised
by particular values of a.
a2 = 3, a2 =1
At a2 = 3 we have the AKLT state. This point is optimal in the sense that
it produces graph states with the most qubits. In contrast, as a2 ! 1 the
inverse deformation D(a) 1 tends towards a projection onto the space spanned
by j 32 iz resulting in a GHZ ground state 1=
p
2(j"#"# : : :i+ ( 1)N=2j#"#" : : :i)
where j"i = j 32 iz and j#i = j  32 iz. Any measurement sequence on this state can
be simulated eciently on a classical computer.
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(a) (b)
(c)
Figure 2.3: The largest connected component of graphs sampled from Eq. (2.9)
at (a) a2 = 1, (b) a2 = 5:70 and (c) a2 = 6:96 on a 20  20 lattice. We
use the same coloring as Fig. 2.2 and, for clarity, some edges have not been
displayed. Graphs (a) and (b) are in the computationally useful region, while
(c) is not. In (a) there are no Z outcomes and crossings are more sparse than
at the AKLT point. In (b) there are large Z domains, which appear as vertices
of high degree. In (c) we are in the supercritical region and there is a Z domain
spanning the lattice. This results in a graph that is not universal for MBQC
(it has a tree structure and cannot be eciently reduced to graph state on a
honeycomb lattice).
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Figure 2.4: Maximum domain size vs. number of spins in the ground state for
selected values of a. A straight line is tted to the a2 = 6:46 data points. For
values of a2 < 6:46 domain sizes scale logarithmically.
a2 = 1
Note that Fz(1) = 0 and therefore the ltering measurement in Eq. (2.7) at
a2 = 1 has only two outcomes, Fx(1) and Fy(1). We dene the orthonormal
basis
j0i := 1
2
 j 32 iz + j  12 iz + j 12 iz + j  32 iz ;
j1i := 1
2
 j 32 iz   j  12 iz + j 12 iz   j  32 iz ;
j2i := 1
2
 j 32 iz + ij  12 iz   j12 iz   ij  32 iz ;
j3i := 1
2
 j 32 iz   ij  12 iz   j12 iz + ij  32 iz : (2.11)
Then we can write Fx(1) = j0ih0j+ j1ih1j and Fy(1) = j2ih2j+ j3ih3j, which are
projections onto orthogonal spaces. Hence the a2 = 1 ground state is special in
that it requires only projective measurements to be universal for MBQC.
a2 < 1
The ltering measurement in Eq. (2.7) is not well-dened for a2 < 1. Here we
will provide a casual analysis of how states within region may be useful. For
a2 < 1 we dene a new measurement with the operators
faFx(a); aFy(a); E(a)g (2.12)
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Figure 2.5: Probability of a domain that spans the lattice vs a for various
lattice sizes close to the critical point. The probability tends to a step function
as N !1 with a discontinuity at a = 6:46. This shows there is an macroscopic
domain above this point, thus graph states produced above this point are not
computationally useful.
where E(a) := diag(0;
p
1  a2;p1  a2; 0). The Fx(a) and Fy(a) outcomes
produce graph state qubits as before, however E(a) outcomes must be treated
separately. When a2 is very slightly less than 1, the state will be like the a2 = 1
state except for a few isolated E(a) sites. At an E(a) site we can measure
surrounding X and Y qubits in a disentangling basis (corresponding to a Z
cluster state measurement), eectively disentangling E(a) sites from the others.
However, as we decrease a towards zero, the number of E(a) outcomes increases,
and eventually we cannot cut them out of the lattice without adversely aecting
the connectivity of the graph. Hence we predict a critical value of 0 < a < 1
below which this measurement produces states that are not universal for MBQC.
We leave a detailed analysis of the 0 < a < 1 region to future investigation.
2.5 Conclusion
In summary, we have studied the computational power of a spin-3/2 AKLT
phase that preserves U(1) and Z2 symmetries Niggemann, Klumper, and Zit-
tartz (1997). By mapping measurement outcomes to a classical spin model
we identied three regions: a region with ground states that are universal re-
sources (1  a2 < 6:46), a region that is unlikely to be computationally powerful
(a2  6:46), and a region that we cannot say much about (0 < a2 < 1). Signif-
icant points include the 2D AKLT state (a2 = 3), a state which requires only
projective measurements (a2 = 1), a GHZ state (a2 = 1) and the phase tran-
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Figure 2.6: Illustration of PEPS ground states. Black dots represent virtual
spin-1/2 particles, lines connecting them represent singlet bonds and large circles
are locations of physical particles.
sition (a2 = 6:46) which corresponds to a transition in computational power.
While it is an open question whether or not this quantum computational phase
is gapped, it is known that the ground state for 0 < a < 1 with periodic
boundaries (or open boundaries with Heisenberg interactions with qubits on
the boundaries) is unique Niggemann, Klumper, and Zittartz (1997). Any size
dependent gap in the disordered phase would be expected to scale at worst as
an inverse polynomial in system size N .
A practical limitation of the method is that it depends on precise knowledge
of the parameter a. Performing the procedure with an assumed value of a
that diers from that of the actual ground state will yield a resource state
that diers from the cluster state. The eect will be that X and Y outcomes
cause errors in the correlation space in which the computation takes place (Z
outcomes, however, are error free). It is not even clear that these errors can
be corrected using standard techniques, as they may not correspond to linear
completely-positive trace-preserving maps on the correlation space Morimae and
Fujii (2011). Whether there exists a method that is independent of the exact
value of the deformation, analogous to Bartlett et al. (2010), remains to be
seen. Another question is if other deformations to the 2D AKLT model (e.g.
ones that preserve full rotational symmetry) yield computationally powerful
ground states.
2.6 Appendix: Ground states as PEPS
The ground states in Eq. (2.5) can be written as PEPS. We place a singlet state
j  i = 1=p2(j01i   j10i) on each edge of the honeycomb lattice, where j0i
and j1i are virtual spin-1/2 states. This places three virtual spin-1/2 particles
at each vertex, where a vertex corresponds to the location of a single physical
spin-3/2 particle, as illustrated in Fig. 2.6. We obtain the physical ground state
by applying the map D(a) to the three spin-1/2 particles at each site where
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state label state on A sites state on B sites
jz "i jm = 3=2i jm =  3=2i
jz^i  jm = 1=2i jm =  1=2i
jz_i jm =  1=2i jm = 1=2i
jz #i  jm =  3=2i jm = 3=2i
Table 2.1: New basis state labels for convenience. The honeycomb lattices is
bipartitioned into A and B sites, where A sites have a bond pointing down, and
B sites have a bond pointing up.
 is the projection onto spin-3/2. Hence the ground state can be written as
j (a)i /
O
v2V
(D(a))v
O
e2E
j  ie ; (2.13)
which means that singlets are placed on every edge of the honeycomb lattice
E and the projections D(a) map the three virtual spin-1/2 particles at each
vertex to physical spin-3/2 particles.
To simplify the PEPS tensors, we dene a new spin-3/2 basis in Table 2.1.
This gives the ground states the dening three-index tensors
A[z"] = j0iu=dj0ilj0ir; (2.14)
A[z^] = 1=a j1iu=dj0ilj0ir
+ j0iu=dj1ilj0ir + j1iu=dj0ilj0ir

; (2.15)
A[z_] = 1=a j1iu=dj1ilj0ir
+ j0iu=dj1ilj1ir + j1iu=dj0ilj1ir

; (2.16)
A[z#] = j1iu=dj1ilj1ir : (2.17)
2.7 Appendix: Distribution of measurement out-
comes
We obtain the probability distribution in Eq. (2.9) by calculating the ratio
p(; a)
p(0; a)
=
h (a)jfF(a)gj (a)i
h (a)jfF0(a)gj (a)i ; (2.18)
where  and 0 are two lter outcomes, and fF(a)g = F y1(a)F1(a) 
    

F yN (a)FN (a). The a-dependence of the probability ratio is contained in the
numerical prefactors of Eq. (2.7), and the norms of D(a)j  32 ix;y;z. Using this
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we can rewrite Eq. (2.18), with the a-dependence as a separate factor
p(; a)
p(0; a)
=

a2   1
2
Nz() Nz(0)
 h (
p
3)jfF(
p
3)gj (p3)i
h (p3)jfF0(
p
3)gj (p3)i ; (2.19)
=

a2   1
2
Nz() Nz(0) p(;p3)
p(0;
p
3)
; (2.20)
where the second term is the probability ratio at the AKLT point, shown in
Wei, Aeck, and Raussendorf (2011) to be 2jV ()j jE()j jV (
0)j+jE(0)j. Thus
we have
p(; a)
p(0; a)
=

a2   1
2
Nz() Nz(0)
 2jV ()j jE()j jV (0)j+jE(0)j;
which is equivalent to Eq. (2.9).
2.8 Appendix: Monte Carlo sampling
We sampled the distribution in Eq. (2.9) using the Metropolis-Hastings algo-
rithm with single-spin ip dynamics, as was done by Wei et al. Wei, Aeck, and
Raussendorf (2011). We used essentially the same procedure as Wei, Aeck,
and Raussendorf (2011), however some changes were made to work with values
of a2 6= 3. For one, we used (2.9) to obtain a generalised a-dependent Metropolis
ratio,
r =

a2   1
2
Nz(0) Nz()
 2jV (0)j jE(0)j jV ()j+jE()j
where  is a lter conguration in the Markov chain, and 0 is the proposed next
lter conguration (obtained by ipping a single spin in ). We also generalised
the starting lter conguration to depend on a, to reduce burn-in time. This
initial conguration was obtained by assigning a label (X,Y or Z) independently
to each spin with probabilities
pz =
a24   14 
1 +
a2
4   14
 ; (2.21)
px = py = (1  pz)=2 ; (2.22)
where pb is the probability of assigning the label b. This is the probability
distribution obtained by neglecting correlations between lter outcomes (the
2jV ()j+jE()j term in Eq. (2.9)).
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Chapter 3
Graph states as ground
states of two-body
frustration-free
Hamiltonians
Abstract
The framework of measurement-based quantum computation (MBQC) allows
us to view the ground states of local Hamiltonians as potential resources for
universal quantum computation. A central goal in this eld is to nd models
with ground states that are universal for MBQC and that are also natural in the
sense that they involve only two-body interactions and have a small local Hilbert
space dimension. Graph states are the original resource states for MBQC, and
while it is not possible to obtain graph states as exact ground states of two-body
Hamiltonians, here we construct two-body frustration-free Hamiltonians that
have arbitrarily good approximations of graph states as unique ground states.
The construction involves taking a two-body frustration-free model that has a
ground state convertible to a graph state with stochastic local operations, then
deforming the model such that its ground state is close to a graph state. Each
graph state qubit resides in a subspace of a higher dimensional particle. This
deformation can be applied to two-body frustration-free Aeck-Kennedy-Lieb-
Tasaki (AKLT) models, yielding Hamiltonians that are exactly solvable with
exact tensor network expressions for ground states. For the star-lattice AKLT
model, the ground state of which is not expected to be a universal resource
for MBQC, applying such a deformation appears to enhance the computational
power of the ground state, promoting it to a universal resource for MBQC.
Transitions in computational power, similar to percolation phase transitions, can
be observed when Hamiltonians are deformed in this way. Improving the delity
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of the ground state comes at the cost of a shrinking gap. While analytically
proving gap properties for these types of models is dicult in general, we provide
a detailed analysis of the deformation of a spin-1 AKLT state to a linear graph
state.
3.1 Introduction
In measurement-based quantum computation (MBQC), universal quantum com-
putation is realised by measuring individual particles in a specially entangled
multipartite state called a universal resource state. A goal of recent research has
been to nd local Hamiltonians with ground states that are universal resource
states. This could lead to ecient means of preparing resources and, for gapped
models, could provide a natural way of protecting resources against thermal
errors.
If such proposals are to eventually be realised in an experiment, it is nec-
essary to put restrictions on the Hamiltonians such that they better resemble
physical spin systems. One basic restriction is that the Hamiltonian is two-body,
i.e. each interaction term acts non-trivially on at most two particles. A number
of two-body models have been found to have ground states universal for MBQC
Bartlett and Rudolph (2006); Chen et al. (2009); Cai et al. (2010); Wei, Aeck,
and Raussendorf (2011); Miyake (2011); Li et al. (2011).
Furthermore, any specic Hamiltonian can only be approximately realised in
an experiment. Therefore, for MBQC it is more useful to look at ground states
of families of Hamiltonians, for instance those connected by small perturbations,
rather than specic Hamiltonians. A central question is whether universality
for MBQC can be regarded as a robust property of a family of Hamiltonians,
akin to properties characterising quantum phases of matter. We will call a
connected region in the parameter space of a Hamiltonian with ground states
universal for MBQC a computational phase. Previous work on computational
phases has investigated the cluster model in external elds (also at non-zero tem-
perature) Barrett et al. (2009); Doherty and Bartlett (2009), with competing
Ising interactions Son et al. (2011), in three dimensions at non-zero temperature
Raussendorf, Harrington, and Goyal (2006a), with error-suppressing interacting
cluster terms Fujii et al. (2013), and under general symmetry preserving per-
turbations Else et al. (2012); Else, Bartlett, and Doherty (2012). For two-body
models, studies have looked at the Haldane phase in one dimension Bartlett
et al. (2010), an anisotropic AKLT model on a honeycomb lattice Darmawan,
Brennen, and Bartlett (2012) and versions of the Hamiltonians in Ref. Li et al.
(2011), which can also be universal at non-zero temperature Fujii and Morimae
(2012); Wei, Li, and Kwek (2014).
Many of the above-mentioned models are frustration-free, meaning that the
ground state of the Hamiltonian also minimises the energy of each interaction
term. This is useful for MBQC because it means that interaction terms can
be switched o without causing the ground state to evolve. Interaction terms
must be switched o before a particle is measured or the post-measurement
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state, no longer an eigenstate, will evolve in time. (We note, however, that
always-on interactions may be compensated for in some simple models by mea-
suring at a characteristic clock speed Jennings et al. (2009); Li et al. (2011).
Furthermore, frustration-freeness is not always needed to adiabatically switch
o individual interactions without aversely aecting the ground state Miyake
(2010).) Frustration-free Hamiltonians are also convenient for analytical study
because their ground states are often exactly solvable with properties that can
be computed easily with tensor network methods Perez-Garca et al. (2007,
2008).
Much of the motivation for nding new models for MBQC comes from
the fact that graph states, the original universal resource states for MBQC
Raussendorf and Briegel (2001), do not appear to arise as ground states of
natural Hamiltonians. A graph state jGi of N qubits, dened with respect
to a graph G of N vertices, is the state obtained by placing a qubit in the
j+i = 1=p2(j0i + j1i) state at each vertex, and applying a controlled-Z gate
CZ = exp (ij11ih11j) to any pair of qubits connected by an edge. Any graph
state is a stabilizer state, and is therefore the unique ground state of a Hamil-
tonian dened simply as the negative sum of its stabilizer generators. However,
these stabilizer Hamiltonians are three-body for one dimensional graph states
and at least four-body for two dimensional graph states, and are thus unnatural.
One might hope for a two-body Hamiltonian with a graph state as a unique
ground state, however, for spin-1/2 Hamiltonians, this has been proven impos-
sible Nielsen (2006); Van den Nest et al. (2008). Frustration-free Hamiltonians
are even more restrictive: the ground space of any frustration-free two-body
spin-1/2 Hamiltonian is unentangled Bravyi (2006); Chen et al. (2011).
One proposal for bypassing these no-go results is using perturbation theory,
where ground states are approximate, rather than exact, graph states. The
Hamiltonians in these proposals are two-body with spin-1/2 particles however
the local Hilbert space dimension is eectively enlarged by either encoding graph
state qubits on multiple physical particles Bartlett and Rudolph (2006); Grin
and Bartlett (2008), or by using ancilla particles Van den Nest et al. (2008).
By reducing the perturbation parameter in these models, the ground state can
be made arbitrarily close to, but never exactly equal to, the target state at the
cost of a shrinking gap. Unlike many of the other schemes mentioned above,
these Hamiltonians are necessarily frustrated.
In this paper we present a dierent type of two-body Hamiltonian that has
an approximate graph state as a unique ground state, but, unlike previous
perturbative constructions, is frustration-free. To obtain such a Hamiltonian, we
take a frustration-free Hamiltonian on higher dimensional particles (e.g. spin-
3/2) with a ground state convertible to a graph state with stochastic local
operations, then deform it such that its ground state is arbitrarily close to, but
never exactly equal to, a graph state. Each graph state qubit is encoded into a
two dimensional subspace of each physical particle.
In section 3.3 we will show how this deformation can drive a spin model into
a computational phase, i.e. a region where the ground states are universal for
MBQC. We will illustrate this with an concrete example: the spin-3/2 Aeck-
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Kennedy-Lieb-Tasaki (AKLT) model on a star lattice (shown in Fig. 3.2). The
ground state of this model is not suspected to be universal for MBQC, unlike
other trivalent AKLT states or a graph state on the same lattice Wei (2013).
The Hamiltonian deformation applied to this model smoothly transforms the
ground state from the star-lattice AKLT state to the star-lattice graph state.
We observe a transition in computational power when the ground state becomes
suciently close to a graph state. Errors arising from not having an exact graph
state as a ground state manifest as defects in the resulting graph, which do not
aect computational universality if they occur with suciently low probability.
We will generalise this approach and show how a variety of spin models can be
driven into a computational phase.
Having explored computational aspects of this type of deformation, in section
3.4 we will direct our attention to other properties of interest. One crucial prop-
erty is the spectral gap. For two-body Hamiltonians, due to the no-go results
stated above, there must be a trade-o between the delity of the ground state
with a graph state and the gap. Proving the existence of a gap is, unfortunately,
dicult in general. Thus, while our interest is ultimately in two dimensional
systems which can be universal for MBQC, in this paper we will restrict most
of our discussion of spectral properties to 1-D systems where precise statements
can be made. In this section we will also provide some discussion about elemen-
tary excitations in these models and the spectral dierences between two-body
and higher-body Hamiltonians.
We will conclude with a discussion of future directions for research in section
3.5.
3.2 Model denitions and notation
In this section we will dene families of frustration-free Hamiltonians that have
graph states as approximate ground states. First we will describe the importance
of local operations and classical communication (LOCC) and quantum state
reduction in MBQC. We will then use these ideas to construct frustration-free
Hamiltonians with graph states as approximate ground states.
3.2.1 Local conversion to graph states
In the framework of MBQC, aside from the initial preparation of a resource state,
the only allowed operations are local operations and classical communication
(LOCC). Here we will outline how certain states can be related to graph states
by LOCC, an idea that we will use in the next section to construct frustration-
free Hamiltonians with graph states as approximate ground states.
A useful property that all known universal resource states possess is that
they can be eciently converted to universal graph states with single-particle
measurements. If one can show that an N N cluster state (a graph state on
a square lattice) can be obtained by applying LOCC to an entangled state j i
of poly(N) particles, then we have a proof that j i is a universal resource for
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MBQC. This conversion, called quantum state reduction Chen et al. (2010), can
be used to show that the following states are universal resources for MBQC: the
tricluster state Chen et al. (2009), spin-3/2 AKLT quasi-chains Cai et al. (2009);
Wei, Raussendorf, and Kwek (2011), spin-3/2 AKLT states on a variety of 2-D
lattices Wei, Aeck, and Raussendorf (2011); Wei (2013) spin-3/2 and spin-2
AKLT states with a commuting structure Li et al. (2011) and certain mixtures
of spin-2 and lower spin AKLT states Wei, Haghnegahdar, and Raussendorf
(2013). The resource states described in Gross et al. (2007), whose universality
was proven using tensor network methods, are universal state preparators Cai
et al. (2009) and thus can also be used to eciently prepare cluster states.
We can dene a more general class of states by those that can be converted
to an N  N cluster state with LOCC but with no restriction on eciency.
Included in this class are AKLT states with higher dimensional spins (e.g. spin-
2), the spin-3/2 AKLT state on a star lattice Wei (2013) and the spin-3/2 AKLT
state on a honeycomb lattice that has been deformed into a Neel ordered phase
Niggemann, Klumper, and Zittartz (1997); Darmawan, Brennen, and Bartlett
(2012). In each of these examples, no deterministic measurement procedure is
known to convert the states eciently into NN cluster states. However, given
an exponential amount of time and an exponentially large copy of the state,
we can obtain an N N cluster state with LOCC. Because of the exponential
overhead involved in converting these states to cluster states, we cannot conclude
that these states are universal resources for MBQC.
One nal class of states that we mention consists of states that can be con-
verted to 1-D graph states, but not universal graph states, with LOCC. This
includes 1-D AKLT states Aeck et al. (1988) and quantum computational
wires Gross and Eisert (2010). To use these states for universal quantum com-
putation, additional operations other than LOCC are required.
Many of the states mentioned in this section are unique ground states of two-
body frustration-free Hamiltonians. This is an appealing property, and is why
they are studied as alternative resource states to graph states. In the following,
we will show that these two-body Hamiltonians may be deformed such that their
ground states are approximate graph states.
3.2.2 Frustration-free Hamiltonians with unique ground
states close to graph states
Here we will describe a class of frustration-free models that have approximate
graph states as unique ground states. To exclude trivial cases, here and through-
out this paper we will assume that a graph state has N  3 qubits, and each
qubit has degree d  2. A convenient property of frustration-free Hamiltonians
is that each interaction term can be replaced a projection without changing the
ground space. Hence, for many purposes, it is often only necessary to consider
frustration-free Hamiltonians that are sums of projectors, rather than generic
frustration-free Hamiltonians. A Hamiltonian of this form must have a ground
state energy of zero. We will use this property in the following, where we show
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that graph states cannot be exact ground states of two-body, frustration-free
Hamiltonians.
No-go result for for graph states as exact ground states of two-body
frustration-free Hamiltonians
Here we will show that it is not possible to obtain an exact qubit graph state as a
unique ground state of a two-body frustration-free Hamiltonian. This is already
known for qubit Hamiltonians Chen et al. (2011), even without the frustration-
free property Nielsen (2006); Van den Nest et al. (2008) and we will provide
a simplied proof here for the special case of frustration-free, two-body qubit
Hamiltonians, which we will then generalise to higher dimensional particles. For
qubit Hamiltonians, we can prove this no-go result using properties of stabilizer
states. A graph state jGi of N qubits is a stabilizer state with a generating set
of stabilizers given by the set of N Pauli operators Xi
Q
j2ni Zj for each vertex
i, where ni is the set of vertices neighbouring i. Any other generating set of
stabilizers for jGi can be obtained by taking products of stabilizers from this
set. For a stabilizer state, the entanglement entropy of a region of spins A is
the minimum of 12 jSAB j, where SAB is the set of stabilizer generators that act
non-trivially on both A and its complement B and the minimum is taken over
all generating sets for the state Fattal et al. (2004). Now let A be any pair
of particles i and j. It is not dicult to see that, provided i and j both have
degree greater than two, jSAB j = 4 and thus the entanglement entropy of A is
2 (this will hold whether i and j are neighbours or not). This implies that the
reduced density operator for these two qubits is full-rank and proportional to
the identity (i.e., maximally mixed). Hence, any non-zero interaction term hij
(which we assume without loss of generality is a projection operator) applied
to particles i and j will have non-zero energy, i.e. hGjhij jGi = tr(ijhij) > 0.
In other words, we cannot add a two-body interaction term to the Hamiltonian
between particles i and j without adding frustration. This holds true for any
pair of particles i and j, and hence any two-body Hamiltonian with jGi as a
ground state must either be frustrated, or zero. This is sucient to prove that
graph states cannot be unique ground states of two-body, frustration-free qubit
Hamiltonians.
We will now generalise this no-go result to the case where each graph state
qubit resides in a subspace of a higher dimensional particle. More precisely,
we consider a system of N particles each with a local dimension of at least 2,
and a non-trivial graph state jGi of N qubits encoded into the particles such
that for each particle i, there exists a rank-2 projector Pi such that P1 
 P2 

   
 PN jGi = jGi. In other words, graph-state qubit i resides in the two-
dimensional image of Pi, which we will call the logical subspace of that particle.
Let H =
P
hi;ji hij be some two-body, frustration-free Hamiltonian with jGi
as a zero-energy ground state. Using the same stabilizer argument above, the
reduced density operator of any pair of particles i and j is ij = Pi 
 Pj ,
i.e. it is maximally mixed on the logical subspace of particles i and j. The
kernel of any interaction term hij acting between i and j must contain the
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image of Pi 
 Pj , as otherwise the energy of the interaction term hGjhij jGi =
tr(hij(Pi
Pj)) will be greater than zero (and thus frustrated). However, if the
kernel of hij contains the image of Pi
Pj , then any two-qubit state in the logical
subspace of particles i and j will have zero energy. As this holds for any pair of
particles i and j, a two-body Hamiltonian of the form H =
P
hi;ji hij , satisfying
hij j i = 0 for all interaction terms hij will have at least a 2N -fold ground
space degeneracy corresponding to the image of P1 
 P2 
 : : : PN . Therefore,
we cannot obtain an exact graph state as a unique ground state of a two-body,
frustration-free Hamiltonian, even when each graph state qubit is encoded into
a higher dimensional physical particle.
Approximate graph states as ground states
While having exact graph states as unique ground states of two-body frustration-
free Hamiltonians is not possible, it is possible to obtain arbitrarily good ap-
proximations to them. Let H =
P
h be a local Hamiltonian acting on N
particles with positive interaction terms h and a unique ground state j 0i. We
will assume that the model is frustration-free, with hj 0i = 0 for all . We
also assume that there exists a set of rank-2 projection operators (Pj)
N
j=1 such
that jGi := P1
P2
  
PN j 0i is an N qubit graph state, where graph state
qubit j resides in the two-dimensional image of Pj . This condition is satised
by many of the states mentioned in the previous section (the only exceptions
possibly being the universal state preparators which generate graph states in a
way that does not preserve locality properties of the original state).
Given such a Hamiltonian and a set of rank-2 projectors (Pj)
N
j=1 we dene
a one-parameter family of operators at each site j, which we call deformation
operators, by Dj() = Pj + (I   Pj) where   0. The deformation operator
Dj() has the property that Dj(1) = I and Dj() is close to Pj for small  > 0.
Unlike Pj , however, Dj() has an inverse given by Dj()
 1 =  1Pj + (I   Pj)
for all  > 0. In order to keep our deformed Hamiltonian in the form as a sum
of projectors (for convenience) we dene a local map Q as follows. If A is an
operator we dene Q(A) to be the projection onto the orthogonal complement
of the kernel of A, such that Q(A) has the same kernel as A but only has
eigenvalues 0 and 1. We dene the deformed interaction term by
~h() := Q
0@24O
j2r
Dj()
35h
24O
j2r
Dj()
351A ; (3.1)
where r is the set of particles on which h acts non-trivially. The model
~H() :=
P

~h() is frustration-free and for  > 0 has a unique ground state
given by
j 0()i :=
24 NO
j=1
Dj()
 1
35 j 0i : (3.2)
This state satises j 0(1)i = j 0i and lim!0 j 0()i = jGi. Thus, the unique
ground state of ~H() can be made arbitrarily close to a graph state jGi by
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setting  suciently small. Hence we can dene frustration-free Hamiltonians
that have graph states as approximate ground states.
While reducing  towards 0 increases the delity of the ground state with a
graph state to 1, the Hamiltonian ~H(0) obtained by setting  = 0 does not have
jGi as a unique ground state. The interaction term ~h() loses rank at  = 0
(compared to  > 0) and the overall ground space of ~H(0) is highly degenerate.
Hence, as expected, this construction does not allow us to get exact graph states
as unique ground states, only approximate ones.
This construction transforms the ground state in a simple way, especially if
the undeformed ground state j 0i is a projected entangled pair state (PEPS).
A PEPS is dened with respect to a graph G, where each vertex is associated
with a physical particle, and each edge associated with a bond. For each edge
e = (u; v) in G place a maximally entangled bond state j!i =PDi=1 jiii, where
D is called the bond dimension, and associate one particle of j!i with u and
the other with v. For each vertex v dene an operator Pv : (CD)
p ! Cdv that
maps all p bond particles associated with vertex v to a dv-dimensional physical
particle. The PEPS j i = Nv PvNe j!ie is then obtained by mapping all
bond particles to physical particles. If the undeformed ground state is a PEPS
state with operators Pv then the deformed ground state j 0()i is also a PEPS
with operators given simply by Dv()
 1Pv. We remark that this deformation is
similar to the deformation used in Ref. Schuch, Perez-Garca, and Cirac (2011)
that takes a PEPS to its standard isometric form. Clearly, the deformation
cannot change the bond dimension of the PEPS.
The deformation also preserves frustration-freeness and the locality of inter-
action terms: deforming k-local Hamiltonians yields k-local Hamiltonians. In
particular, two-body Hamiltonians remain two-body Hamiltonians under this
deformation. Finally, if the undeformed j 0i can be converted to a graph state
jGi with LOCC, then so can any deformed state j 0()i. However, the statistics
of this conversion will, in general, vary with .
The path of Hamiltonians ~H() species a continuous path of ground states
j 0()i for  2 (0; 1]. States along this path are related by stochastic local opera-
tions and classical communication (SLOCC) Dur, Vidal, and Cirac (2000). Two
N -particle states ji and ji are said to SLOCC equivalent if there exists a collec-
tion ofN invertible local operators (Aj)
N
j=1 such that A1
A2
  
AN ji = ji.
The operational meaning of two states ji and ji being SLOCC equivalent is
that it is possible to convert ji to ji and vice-versa with LOCC with a non-
vanishing (although possibly exponentially small) probability of success. From
Eq. (3.1), we see that varying  > 0 keeps the ground state within the SLOCC
class of the undeformed ground state j 0i. By replacing the deformation oper-
ators (Dj())
N
j=1 by arbitrary positive invertible operators (Aj)
N
j=1 in the de-
nition of ~h() we can construct a frustration-free parent Hamiltonian for any
state within the SLOCC class of j 0i.
A previous study has investigated the computational universality of SLOCC
deformed graph states D'Souza and Feder (2011). In this work, it was shown
that under particular types of deformations, graph states (on certain graphs)
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will remain universal for MBQC. In contrast, the SLOCC classes we consider
contain arbitrarily good approximations to graph states, but not exact graph
states. It should also be noted that SLOCC equivalence of two states does not
imply similar physical properties. For instance, it has been shown that moving
around an SLOCC class can result in a phase transition (indicated by two-point
correlation functions) Niggemann, Klumper, and Zittartz (1997); Perez-Garca
et al. (2008).
In the remainder of this paper we will explore how properties of the deformed
model ~H() change as the ground state is deformed towards a graph state i.e. as
 ! 0. In Section 3.3, we study a 2-D spin system for which reducing  to
a constant value improves the computational properties of the ground state
for measurement-based quantum computation. In Section 3.4 we explore how
physical properties, such as the energy gap, vary as a function of .
3.3 Universality of ground states for MBQC
Here we will illustrate how a certain class of spin models can be driven into
a computational phase characterised by ground states that are universal for
MBQC. We will consider the spin-3/2 AKLT model on a star lattice as an
example. This model has a ground state that is not expected to be universal for
MBQC. Using the deformation described in section 3.2.2 we will show how to
drive this model into a phase characterised by ground states that are universal
for MBQC. After this example, we will explain how this may be done in general
to a variety of frustration-free spin models.
3.3.1 The spin-3/2 AKLT model
Here we will briey review the spin-3/2 AKLT model and how its ground
state may converted to a graph state with single-particle measurements, fol-
lowing Wei, Aeck, and Raussendorf (2011). The spin-3/2 AKLT model is
a frustration-free model that may be dened on an arbitrary trivalent graph
Aeck et al. (1988). It has a Hamiltonian given by
H =
X
hi;ji
P J=3ij ; (3.3)
where P J=3ij is the projector of particles i and j onto the total spin J = 3
subspace of two spin-3/2 particles, and the summation is carried out over all
neighbouring pairs hi; ji. This model shares some similarities with the Heisen-
berg antiferromagnet: it has full SO(3) rotational symmetry and it penalises
alignment of neighbouring spins. However, the AKLT model and the Heisenberg
model have some signicant dierences. For instance, on a honeycomb lattice
the AKLT model has has exponentially decaying correlation functions and there
is strong numerical evidence of a gap (although this has not been analytically
proven) Garcia-Saez, Murg, and Wei (2013) while the Heisenberg model on the
same lattice has Neel order and is therefore gapless. One reason why the AKLT
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Figure 3.1: Illustration of how the graph state is encoded on the post-reduction
AKLT state. In (a) we have a small 2-D AKLT state on a trivalent lattice,
where each node corresponds to a spin-3/2 particle, and is labelled according
to the reduction outcome obtained. In (b) nodes now represent domains of like
outcomes, and edges are bonds between domains. In (c) we have illustrated the
encoded graph state, obtained from (b) by deleting edges modulo 2. Each node
represents an encoded qubit, and each edge a graph state edge.
model is easier to study than the Heisenberg model is that it has an exactly
solvable ground state with a simple PEPS description which we hereafter call
the AKLT state jAKLTi.
The AKLT state can be converted to an encoded graph state with single-
particle measurements Wei, Aeck, and Raussendorf (2011); Miyake (2011).
This is done by applying a three outcome measurement to each spin-3/2 particle.
The measurement operators are dened as follows. Let jmib be the spin-3/2
state satisfying Sbjmib = mjmib where Sb is the spin-3/2 component along the
b axis, b 2 fx; y; zg, and m 2 f 32 ; 12 ; 12 ; 32g. The measurement operators for
the initial reduction are chosen to be fF x; F y; F zg where, for b 2 fx; y; zg,
F b =
r
2
3
 j 32 ibh 32 j+ j  32 ibh  32 j : (3.4)
These operators satisfy the relation
P
b=x;y;z F
byF b = I and therefore form a
valid POVM. Each particle is measured, and a graph state is encoded on the
post-reduction state as follows (we have illustrated the encoding in Fig. 3.1). A
domain is dened as a connected set of particles with the same measurement
outcome. Each domain encodes a single qubit in the graph state. An edge exists
between two encoded qubits if an odd number of bonds (in the original lattice)
connect the corresponding domains.
The resulting graph state will have a graph structure determined by the
measurement outcomes and the graph or lattice on which the AKLT model was
dened. We will specify lattices using their vertex conguration so, for instance,
a lattice specied by (4; 82) has a square and two octagons surrounding each
vertex. It has been shown that ground states of the (63) honeycomb, (4; 82)
square-octagon and (4; 6; 12) cross-lattice AKLT models eciently yield cluster
states that are universal for MBQC Wei, Aeck, and Raussendorf (2011); Wei
(2013). However, the ground state of the (3; 122) star-lattice AKLT model
(shown in Fig. 3.2) yields graph states that do not possess the right connectivity
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Figure 3.2: The (3; 122) lattice, which we call the star lattice, is an Archimedian
tiling of the plane characterised by one triangle and two dodecagons surrounding
each vertex. We have illustrated a particular three-colouring of the lattice.
properties for universal MBQC (they are not reducible to square lattice cluster
states by single-particle measurement). This is in contrast to a graph state
dened on the star lattice, which is universal for MBQC due to the fact that
it can be converted to a cluster state with single-particle measurements. Thus,
the star-lattice AKLT state appears to have dierent computational properties
to the star-lattice graph state. We will use this example to show how we can
enhance the computational properties of the star-lattice AKLT state by applying
the deformation described in Sec. 3.2.2
Deforming the spin-3/2 AKLT model
We will now deform the star-lattice spin-3/2 AKLT model such that its ground
state is close to the star lattice graph state jGi. Each particle is assigned one of
three deformation axes fx; y; zg, such that no two neighbouring particles have
the same deformation axis. In other words, the deformation axes colour the
lattice. We will use the colouring illustrated in Fig. 3.2, however any three-
colouring of the star lattice will do. Let cj 2 fx; y; zg be the deformation axis
of particle j. From the reduction procedure described in Sec. 3.3.1, we observe
that the set of projectors
Pj = j 32 icj h 32 j+ j  32 icj h  32 j ; (3.5)
dened for all sites j = 1; : : : ; N will convert the star-lattice AKLT state to a
star-lattice graph state in the sense that
NN
j=1 Pj jAKLTi = jGi (where graph
state qubit j resides in the logical subspace of particle j). As fcjg colours
the lattice, each qubit of this graph state resides in a 2-D subspace of a single
spin-3/2 particle.
40
Using this set of projectors, we can follow the construction described in
Sec. 3.2.2 to deform the Hamiltonian such that its ground state is arbitrarily
close the star-lattice graph state. We dene a set of deformation operators by
Dj() = Pj + (1  Pj) for j = 1; : : : ; N . The deformed model is then given by
~H() =
X
hi;ji
Q  [Di()
Dj()]P J=3ij [Di()
Dj()] ;
where Q is dened such that Q(A) is the projection onto the orthogonal com-
plement of the kernel of A. The model ~H() has a ground state that can be
written down exactly as
j 0()i :=
24 NO
j=1
Dj()
 1
35 jAKLTi : (3.6)
This ground state satises lim!0 j 0()i = jGi, i.e. we can make the ground
state arbitrarily close to a graph state by setting  to be suciently small.
However, it is not necessary to reduce  signicantly for the purpose of
MBQC. We will show, in later sections, that it is possible to make a ground
state universal for MBQC by reducing  to an N -independent constant, which
need not be very small (in the example considered, we nd a transition at
  0:5).
We remark that we could equally well apply this deformation to the hon-
eycomb, square-octogon and cross-lattice AKLT models. The dierence with
these models is that the undeformed models (i.e. at  = 1) already have uni-
versal ground states. Therefore, unlike the model dened on a star lattice, the
deformed Hamiltonian will have a universal ground state for all  2 (0; 1].
To summarise, in this section we showed that the star-lattice AKLT model
can be deformed such that its ground state approaches a graph state. In the
following section we will study how the statistics of state reduction on j 0()i
change as  is reduced.
Reducing deformed ground states to graph states
Here we will show how the reduction measurement, dened in Eq. (3.4), can be
altered to work for the deformed AKLT states dened in the previous section.
Specically, we will dene a reduction procedure that transforms the ground
state j 0()i for any  2 (0; 1] to a graph state with local operations. By
looking at the statistics of this reduction, we will nd that the graph states
obtained for dierent values of  have dierent computational power. This will
allow us to identify a computational phase containing ground states that are
universal for MBQC.
The reduction procedure involves applying a site-dependent and -dependent
measurement to each particle. We measure particle j with a measurement de-
ned by three operators f ~F xj (); ~F yj (); ~F zj ()g which we dene for b 2 fx; y; zg
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as
~F bj () :=

3  2
22
 b;cj
2
F bDj() ; (3.7)
where b;cj is 1 if b = cj and 0 otherwise, fF x; F y; F zg are dened in Eq.
(3.4) and Dj() is the site dependent deformation operator dened in the
previous section. One can check that these operators form a valid POVM
i.e. ~F xj ()
y ~F xj () + ~F
y
j ()
y ~F yj () + ~F
z
j ()
y ~F zj () = I for any  2 (0; 1] and any j.
This is similar to the measurement dened in Darmawan, Brennen, and Bartlett
(2012) to convert deformed AKLT states to graph states.
The collection of measurement outcomes, after measuring all particles, can
be represented as a string  = 12 : : : N , where j 2 fx; y; zg labels which
of the three outcomes f ~F xj (); ~F yj (); ~F zj ()g was obtained at site j. The trans-
formed ground state after measurement will be24 NO
j=1
~F
j
j ()
35 j 0()i ;
=

3  2
22
 1
2Nm()
24 NO
j=1
FjDj()Dj()
 1
35 jAKLTi ;
=

3  2
22
 1
2Nm()
24 NO
j=1
Fj
35 jAKLTi : (3.8)
where Nm() =
PN
j=1 cj ;j equals the number of sites for which the deforma-
tion axis cj matches the outcome j and we note that we have left the state
unnormalised. Thus the post-measurement state for a given outcome  is inde-
pendent of  (ignoring its amplitude), and is identical to the state obtained from
the undeformed model at  = 1. This state encodes a graph state on a graph
that is determined by the outcomes . However, as the relative amplitudes of
these states are -dependent, the probability of getting any particular  is also
-dependent. We will investigate this probability distribution in the following
section.
Statistics of reduction procedure
Here we will describe the statistics of the reduction procedure described above.
It was shown byWei et al. Wei, Aeck, and Raussendorf (2011); Wei (2013) that
the probability p1() of obtaining a reduction outcome  for the undeformed,
star-lattice AKLT state is given by
p=1() =
1
Z h()2
jV ()j jE()j ; (3.9)
where h() equals 0 when  contains a domain that is not two-colourable and
equals 1 otherwise, jV ()j is the number of domains in , jE()j is the number of
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inter-domain edges in  and Z =P h()2jV ()j jE()j is a normalisation factor.
The h() term arises due to the fact that any domain that is not two-colourable
must contain a pair of aligned neighbouring spins j 32 ibj 32 ib or j  32 ibj  32 ib, yet
the AKLT state is orthogonal to any such state. The presence of h() forces
domains to be string-like. Using this fact, we can simplify the quantity L() :=
jV ()j  jE()j that appears in Eq. (3.9). If we imagine ipping a spin in , we
see that L() will increase by 1 if and only if a loop of like outcomes is created,
and will decrease by 1 if and only if a loop of like outcomes is lost. Hence L() is
equal to the number closed of loops of like outcomes, up to an ignorable additive
constant.
On the star lattice we can show that the 2L() term has a negligible eect.
An intuitive reason for this is as follows. The smallest possible loop contributing
to L() consists of twelve particles surrounding a dodecagon. Only three of 312
possible outcomes on particles surrounding a dodecagon correspond to loops of
like outcomes (one outcome for an x; y and z loop separately). The 2L() term
will double the relative probability of such loop outcomes, however the total
probability that all outcomes surrounding a given dodecagon match is still only
 1:1  10 5. Larger loops will be exponentially suppressed. Hence, for this
particular lattice, we can safely ignore the 2L() term, as it only aects a tiny
fraction of all possible measurement outcomes.
If we now vary , the probability distribution changes in a simple way. We
see in Eq. (3.8), that the relative amplitude of a given outcome  has a factor of 
(3  2)=(22)Nm()=2 compared with the amplitude of the undeformed post-
measurement state. Hence the probability that  is obtained when measuring
the ground state of ~H() is
p() =
1
Z()h()2
L()
 
(3  2)=22Nm() ; (3.10)
whereNm(), L() and h() are as above, and Z() =
P
 h()2
L()
 
(3  2)=22Nm()
is a normalisation factor.
The term
 
(3  2)=22Nm() is the only term aected by varying , aside
from the normalisation factor. One can think of this term as a classical external
eld that energetically favours one of x; y or z at each site, depending on the
site's deformation axis. At  = 1, this term is 1 for all j i.e., no site is biased
towards any particular outcome. In the limit as  ! 0, the sites will be fully
biased towards their deformation axes, i.e. we will obtain j = cj ; 8j with
probability 1. In this limit, the post-measurement state is jGi, the star-lattice
graph state, which is known to be universal for MBQC. We cannot, however,
set  = 0 as the ground space becomes degenerate at this point. For any xed,
non-zero , the probability of obtaining j = cj (corresponding to an exact
star-lattice graph state) decays exponentially in the system size. Fortunately, it
is not necessary for the reduction to produce an exact star-lattice graph state,
as graph states on regular lattices can have a non-zero density of defects and
still be universal for MBQC Browne et al. (2008). As we will explore in the
following section, for any xed  the density of defects is roughly constant in
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the system size, and when  is below some critical, system-size-independent
value, the ground state will be a universal resource for MBQC.
To summarise, in this section we outlined the reduction procedure that con-
verts the ground state of ~H() into a graph state, and we explained how the
statistics of this process depend on the deformation parameter . In the fol-
lowing section we will investigate the eect that this has on the computational
properties of the groundstate for MBQC.
Finding a computational phase transition
Next we will investigate the computational universality of the ground state of
~H() as  is varied. Recall that, as  varies in the range (0; 1], the ground state
of ~H() varies smoothly from the star-lattice AKLT state (which is not expected
to be universal for MBQC) to the star-lattice graph state (which is universal for
MBQC). Here we will show that there is a transition in computational power
at an intermediate value of .
Recall that we use the ground states of ~H() for MBQC by rst reducing
them to graph states, a process which is stochastic with probabilities determined
by Eq. (3.10). Two conditions, stated in Wei, Aeck, and Raussendorf (2011),
will ensure that that such a reduction procedure can eciently produce cluster
states that are universal for MBQC:
C1 The size of the largest domain scales at most logarithmically with the system
size.
C2 The probability that the resulting graph state has a crossing path tends to
1 in the thermodynamic limit.
The rst condition C1 will ensure that the number of qubits in the resulting
graph state is extensive. The second condition C2, combined with C1, will
ensure the existence of a macroscopic number of distinct crossing paths in both
lattice dimensions. In short, C1 ensures that the resulting graph state has
suciently many qubits, while C2 ensures that the resulting graph states have
sucient connectivity for universal MBQC. Together, these conditions ensure
that resulting graph states can be eciently converted to cluster states with
single-particle measurements.
We calculated whether the ground state of ~H() satised these conditions
for various values of  2 (0; 1]. This involved sampling graphs from of the -
dependent distribution Eq. (3.10) using Monte-Carlo methods, and checking
the domain size as well as the existence of a crossing path in both lattice dimen-
sions. We have illustrated samples of post-measurement encoded graph states
for dierent values of  in Fig. 3.3.
We found that C1 is easily satised for all values of  2 (0; 1]. Our Monte-
Carlo sampling showed that the domain sizes remain small, and in fact shrink
to 1 as  tends to zero.
On the other hand, the second condition is only satised for values of  below
some critical value c. The probability pspan of the resulting graph state having
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Figure 3.3: Sample graphs obtained from reducing ground states of ~H() for
various values of . Note that the vertices pictured correspond to encoded graph
state qubits, not physical particles, and we have used a scalable multilevel force
directed placement (SFDP) algorithm to compute an aesthetically appealing
layout of each graph. The gure on the top left is at  = 1, i.e. the AKLT
point. This is in the non-universal phase where the probability of a macroscopic
graph state tends to zero in the thermodynamic limit. The top right gure is at
 = 0:5, very close to the transition point. Here we see the rst appearance of
a macroscopic graph state with a path of connected qubits crossing the entire
lattice. At  = 0:4, shown in the bottom left, we are further into the universal
phase, with a higher density of crossing paths. Finally, at  = 0:2, shown in the
bottom right, we are well into the universal phase. By this point the underlying
lattice (the star lattice) has become visible. One way of interpreting the ground
states of ~H() within the computational phase, is as defective (although still
universal) star-lattice graph states, which can most clearly be seen in the  = 0:2
sample.
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Figure 3.4: The probability of reducing the ground state of ~H() to a well-
connected graph state (one with a crossing path) versus the deformation pa-
rameter  around the transition point, from Monte Carlo simulations. Each
line represents a dierent lattice dimension L1  L2. There are three spin-3/2
particles per lattice site, so the total number of particles is 3  L1  L2. We
observe that below  = 0:50 0:01 this probability tends to 1 as the number of
particle increases, while above this value the probability tends to 0. We conclude
that, below this critical value, the model has a ground state that is universal
for MBQC.
a crossing path as a function of  is plotted in Fig. 3.4. We found a critical
value of c = 0:500:01, below which the probability pspan increases to 1 as the
number of particles increases (i.e. satisfying the second condition), and above
which pspan decreases to 0 (violating the second condition).
As both C1 and C2 are satised for  < c, the ground ground states of ~H()
in this region are universal for MBQC. The sudden appearance of a macroscopic
graph state at  = c is similar to a percolation phase transition. Given that the
existence of a macroscopic graph state implies universality for MBQC, we call
the region  < c a computational phase. Whether this phase is characterised
by some other physical property other than universality for MBQC is not clear:
correlation functions (used to identify the phase boundary in Ref. Niggemann,
Klumper, and Zittartz (1997)) are exponentially decaying for all  2 (0; 1]. One
might hope to prove the existence of a quantum phase transition at  = c by
showing that the gap (often used as the dening property of a quantum phase)
closes at this point, however there does not appear to be a straightforward way
to do this. We leave this question open to future investigation.
To summarise, we have shown how the AKLT model on a star lattice, which
has a ground state not expected to be universal for MBQC, can be brought into
a computational phase where its ground state is universal for MBQC. In the
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following section we will show how this approach may be generalised to drive a
variety of frustration-free models into computational phases.
3.3.2 General approach for driving frustration-free models
into computational phases
In this section we will outline the general approach for obtaining computational
phases of frustration-free spin models. Many features of the star-lattice AKLT
model example, described above, can be carried over to the general case.
As described in Sec. 3.2.2, our starting model must be frustration-free, and
there must exist a set of local rank-2 projectors (Pj)
N
j=1 that converts its ground
state to a graph state jGi. We can then dene a one-parameter family of models,
which we call ~H() :  2 (0; 1], which has a ground state that tends towards jGi
as  ! 0.
While jGi itself may be universal, this alone does not guarantee that the
ground state of ~H() is universal for any non-zero . To show that the ground
state of ~H() is universal for some non-zero , we require a way of dealing with
errors that arise from the fact that the ground state is an imperfect version jGi,
rather than jGi itself.
We showed that this is possible for the star-lattice AKLT model, described
above, because there exists a reduction procedure, dened in Sec. 3.3.1 which,
for  below some critical value c, yields graph states that are universal for
MBQC.
We generalise this reduction procedure as follows. Given the set of projectors
(Pj)
N
j=1 satisfying
NN
j=1 Pj j 0i = jGi, we measure each particle with the two-
outcome, site-dependent, projective measurement dened at site j by the two
operators fPj ; Pj := I  Pjg. Note that unlike the AKLT measurement dened
in Eq. (3.7), this measurement is -independent and is projective, so that, in
principle, entangling to an ancilla is not necessary when measuring individual
particles in the resource. However we did not use the general measurement
in the AKLT example because the probability distribution for measurement
outcomes is not as simple, and there is a larger overhead involved in dealing
with unwanted outcomes.
If the Pj outcome is obtained for every j, the ground state will be trans-
formed into the graph state jGi, however this has an exponentially small prob-
ability of success. We will almost always obtain unwanted P outcomes, which
we will call defects. Let  be a particular outcome conguration, i.e. a boolean
string  = 12 : : : N where j = 1 if Pj is obtained at site j and j = 0 if Pj
is obtained at site j.
Let p1() be the probability of getting a particular outcome conguration 
at  = 1. Unlike Eq. (3.9) in the AKLT case, in general it may be dicult to
nd a simple expression for p1(). Nevertheless, given such a p1(), it is easy to
see how this probability distribution varies with . Using the form of the ground
state in Eq. (3.2) and the fact that PjDj()
 1 = (1=)Pj and PjDj() 1 = Pj ,
we see that the probability p() that  will be obtained for  2 (0; 1] is simply
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given by
p() =
1
Z()
 2Nm()p1() ; (3.11)
where Nm() =
PN
j=1 j is the number of P outcomes obtained and Z() =P
 
 2Nm()p1() is a normalisation factor. The closer  is to zero, the larger
the term  2 will be, and the more probable P outcomes will be, compared
with P . We can reduce the probability of P outcomes arbitrarily, by reducing
, however the probability of obtaining exactly zero P outcomes is exponentially
small in the number of particles for any xed  2 (0; 1].
Fortunately, a suciently small density of defects can be dealt with. Note
that this is assuming that the ground state is a PEPS state, such that a defect is
eectively isolated at a site, although the argument may hold for more general
ground states. Using graph-state update rules, we simply perform a Z-basis
measurement on particles surrounding a defect to disentangle the defect (as
well as the measured particles) from the graph. The resulting state, after defect
removal, will be a graph state similar to jGi but with some qubits removed.
The fact that we can make the density of defects arbitrarily small by setting
 suciently small and that MBQC with graph states is robust against losing
qubits in the preparation stage Browne et al. (2008) implies that, provided jGi
is a universal resource, there exists some  > 0 below which the ground states
of ~H() are universal for MBQC.
We remark that this general reduction procedure is not necessarily the op-
timal one for a given spin model. For instance, the star-lattice AKLT model
reduction involved a three-outcome measurement (3.7), rather than the two-
outcome projective measurement used in the general procedure. Obtaining an
undesired outcome in the AKLT procedure (one where the outcome is not the
same as the deformation axis of the site) modies the graph in a simple way:
usually only a single node and some of its edges are lost. In the general proce-
dure, if an undesired outcome is obtained at a site, not only is that node lost,
but all surrounding nodes and their edges must be removed as well. Because of
the additional overhead involved in defect removal, the general procedure would
require a smaller value of  for the resulting graph states to be universal for
MBQC.
To summarise, in this section we dened a reduction procedure, which for
suciently small  converts the ground states of ~H() into graph states similar to
jGi, but with a small density of defects. While this reduction is not necessarily
the most ecient one, we can be sure that, provided  is small enough, the
resulting graph state will be universal for MBQC.
3.4 Spectral properties
We have seen that, for a member H of particular class of frustration-free Hamil-
tonians, we can dene a one-parameter family of Hamiltonians ~H() such that,
for suciently small , the ground state is a universal resource for MBQC. The
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model was dened such that the ground state of ~H() tends to a graph state as
 ! 0, allowing us to use reduction techniques to prove universality.
An essential consideration for MBQC is whether the resource state can be
eciently prepared, and that it has some robustness against errors. Understand-
ing these properties requires information about excited states in the model, not
only the ground state. In this section we will investigate how features of the
excited states and the spectrum vary as a Hamiltonian is deformed as described
in Sec. 3.2.2.
An important property of a local Hamiltonian is its gap. We say that a
model is gapped (or has a gap) if the dierence between the lowest and second
lowest eigenvalues of the Hamiltonian as a function of the number of particles
N is lower bounded by some N -independent constant. More precisely, if N
is the dierence between the ground state energy and the energy of the rst
excited state for an N particle Hamiltonian, we dene the gap of the model (an
N -independent quantity) to be  := inffNg, where the inmum is taken over
all N for which the Hamiltonian is well dened.
The gap is a crucial consideration for the ecient preparation and robustness
of a resource for MBQC. If the ground state of the undeformed  = 1 Hamilto-
nian can be obtained eciently, then as long as H() is gapped for  2 [min; 1],
the ground state of H(min) can also be obtained eciently by adiabatic evolu-
tion. The notion of a gapped path of Hamiltonians is used to dene quantum
phases Chen, Gu, and Wen (2010). Two Hamiltonians H0 and H1 are said to
be in the same phase if there exists a continuous path of gapped Hamiltonians
H with 0    1 connecting them. According to this denition, smoothly
varying the Hamiltonian around a phase, without crossing a phase boundary,
results in smooth variation of ground state observables. A central question from
the perspective of MBQC is whether we can draw any connection between the
phase diagram of a model, and the universality of its ground states for MBQC.
In the following, we will make some general observations about the gap
properties of the Hamiltonian, before examining a specic example of a simple
1-D chain.
3.4.1 Gap vs. delity
Here we will make some general comments about the gap of our one-parameter
family of models dened by Hamiltonians ~H() in Sec. 3.2.2. While ~H() can be
dened with interactions involving arbitrary numbers of particles, for two-body
models the gap must decrease to zero as  approaches zero. A simple reason
for this is that ~H() has a unique ground state for  > 0, while lim!0 ~H()
has an exponentially degenerate ground space, implying that the energy of an
exponential number of excited states must decrease to zero as  approaches zero.
We remark that the shrinking of the gap of the two-body Hamiltonian with
decreasing  can be interpreted as a necessary cost of increasing the delity
of the ground state with a graph state. Van den Nest previously showed the
ground state of a two-body N -qubit Hamiltonian can only approximate an N -
qubit graph state with trade-o between the delity and gap Van den Nest et al.
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(2008). While this result is not directly applicable here (as we are not dealing
with qubit Hamiltonians) we do observe a similar trade-o.
However, as we saw in Sec. 3.3, for a given model we only need to reduce  to
some N -independent constant for the ground state to be universal for MBQC.
For instance, the star-lattice AKLT state we only needed to set   0:5 to obtain
ground states universal for MBQC. Thus, at least for the purpose of universal
MBQC, we do not need to shrink the gap by much. Nevertheless, reducing
 towards zero reduces the randomness of the resulting graph state, and thus
reduces the overhead for universal quantum computation.
Precisely how the gap of the Hamiltonian and the ground state delity vary
with  will depend on the starting Hamiltonian, and the interaction graph. In
the following section, we will examine a specic simple example of the spin-1
AKLT model, before commenting on general models.
3.4.2 The spin-1 AKLT model
Analytical proofs of spectral properties, such as a gap, for general spin models
are very dicult. Thus we will rst look at a simple example of a 1-D chain,
where analytical results can be proven exactly, before explaining how results
may be generalised.
Deforming the spin-1 AKLT model
Here we will use the spin-1 AKLT model as a simple example to highlight the
eect that the deformation dened in Sec. 3.2.2 has on spectral properties. The
spin-1 AKLT model in one-dimension is given by
H =
NX
j=1
P J=2j;j+1 ; (3.12)
where P J=2j;j+1 is the projection onto the symmetric spin-2 subspace of particles j
and j +1. We will impose periodic boundary conditions by dening P J=2N;N+1 :=
P J=2N;1 . This model is frustration-free and exactly solvable with a unique ground
state which we call the spin-1 AKLT state jAKLTi. This ground state has a
simple MPS description Aeck et al. (1988); Perez-Garca et al. (2007).
Assuming, for simplicity, that the length of the chain is even, we dene
a sequence of rank-2 projectors (Pj)
N
j=1 as Pj = S
2
x for j odd and Pj = S
2
z
for j even, where Sx and Sz are the usual spin-1 operators. These projectors
transform jAKLTi to jGi, a graph state on a ring of length N , via
jGi =
24 NO
j=1
Pj
35 jAKLTi ; (3.13)
where the j-th graph state qubit resides on the two-dimensional image of Pj .
The logical basis j0iL; j1iL is j1iz; j   1iz on even sites and j1ix; j   1ix on odd
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sites, where j1ib; j   1ib are +1= 1 eigenstates of Sb for b 2 fx; zg. One simple
way of showing this is using the tabular form of an MPS described in Ref. Chen
et al. (2010). Following Sec. 3.2.2, we can then dene a one-parameter family
of frustration-free Hamiltonians by ~H() =
PN
j=1
~hj;j+1() where
~hj;j+1() := Q([Dj()
Dj+1()]P J=2j;j+1 [Dj()
Dj+1()]) ; (3.14)
and where Dj() := Pj + (I   Pj) for all j. The unique ground state j 0()i
of ~H(), has the property that j 0(1)i = jAKLTi and j 0()i ! jGi as  ! 0.
We remark that a similar type of deformation to the AKLT model, which
preserves frustration freeness and Z2  Z2 symmetry, has been studied previ-
ously Klumper, Schadschneider, and Zittartz (1993). Correlations, elementary
excitations and the entanglement spectra of these models have been studied
Bartel, Schadschneider, and Zittartz (2003); Santos et al. (2012). In contrast to
our model, these previous studies consider a deformation that is directed along
the z-axis on every site (i.e. Pj = S
2
z for all j), rather than along the z-axis on
even sites and the x-axis on odd sites. The ground state for their model in the
limit of small  is an antiferromagnetic GHZ state, rather than a graph state.
In the following, we will compare the spectral properties and elementary
excitations of our model with this anisotropic antiferromagnet.
Fidelity of the deformed ground state
Before discussing spectral properties of the deformed spin-1 AKLT model, we
will relate the  parameter to the delity of the ground state with a graph state
F = jhGj 0()ij2. Assuming that j 0()i is normalised, we can use the fact
that hGj = hGjNj Pj and thatNj Pj j 0()i / jGi to see that F represents the
probability of obtaining Pj instead of I  Pj on every site when measuring each
particle with projective measurement fPj ; I   Pjg. Therefore F decays expo-
nentially with N . As discussed previously, and in Ref. Browne et al. (2008),
a graph state can tolerate a non-zero density of defects without destroying its
universality for MBQC. Therefore, while F represents the probability of ob-
taining exactly zero errors, a more useful property in the context of MBQC is
F 1=N . This is an intensive quantity corresponding to the probability that the
projective measurement of a given particle j will obtain Pj (assuming that this
probability is site-independent). The probability of obtaining I  Pj on a given
site j is  := 1   F 1=N . Using the MPS form of the ground state, we nd the
error probability per particle in terms of  is given by
 = 1  2
2 + 2
=
1
2
2 +O(4) : (3.15)
Spectral properties of the deformed model
We will now analyse how spectral properties of the model ~H(), dened above,
vary as  varies. In particular, we will study the gap and the elementary exci-
tations as  is reduced to zero.
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For all  > 0, the two-body interaction ~h()j;j+1 is a rank-ve projection
operator. As  ! 0, the two-body interaction term tends to the projection
lim
!0
~hj;j+1() = I   PjPj+1 : (3.16)
The ground space of this interaction is simply the four-dimensional image of
PjPj+1, i.e. a space of two uncoupled qubits. Therefore, the ground space of
the limiting Hamiltonian lim!0 ~H() has a 2N -fold degeneracy and cannot be
used as a resource for MBQC.
To study the spectrum of the model as a function , we performed an analysis
using MPS methods and exact diagonalisation with up to 14 particles. We have
plotted the spectrum of ~H() as a function of  for a chain of 8 particles in
Fig. 3.5. The spectrum of the 8 particle Hamiltonian is shown rather than the
largest calculated 14 particle Hamiltonian as fewer energy levels makes spectral
properties more clearly visible. The model is gapped in the thermodynamic
limit for any  > 0. We analytically calculated a lower bound for the gap of
O(4) using MPS methods Fannes, Nachtergaele, and Werner (1992); Perez-
Garca et al. (2007) and this agrees with our numerics. We can combine this
with the expression for the error density  = 12
2 + O(4) to relate the error
probability per particle to the gap  = O(1=2).
We will briey comment on the elementary excitations of this 1-D model.
The elementary excitations of the spin-1 AKLT model are called `crackions' and
have been studied numerically and analytically Knabe (1988); Arovas, Auer-
bach, and Haldane (1988); Fath and Solyom (1993). They have also been stud-
ied for the AKLT model with a single-axis anisotropy Bartel, Schadschneider,
and Zittartz (2003) as described above. Crackions can be well approximated
by replacing a singlet bond with a triplet state in the valence-bond solid de-
scription of the AKLT state, then constructing a momentum eigenstate using
all positions of the replaced bond. The crackions have total spin-1, and in the
limit of large N have a dispersion of E(k) = (25 + 15 cos(k))=27, with lowest
energy at momentum k =  Fath and Solyom (1993).
Using our exact diagonalisation data, we observed the behaviour of the lowest
energy k =  crackions as  was varied. We split energy eigenstates into dierent
Z2  Z2 symmetry sectors labelled 1; x; y; z, where x; y; z are -1 eigenstates of
global x; y; z ips respectively, and +1 eigenstates are unaected by any ip.
The model at  = 1 is fully rotationally symmetric, and the crackions are three-
fold degenerate. Reducing  from 1 creates anisotropy, causing the y crackion to
split from the two-fold degenerate x and z crackions. The energy of each of the
x, y, and z crackions with k =  appears to vary as O(4), and they remain the
lowest energy excitations for small . The crackions dened for k 6=  appear
to vary as O(2). Clearly the model has a non-trivial dispersion relation for
small . That is, although our model possesses a ground state that approaches
a graph state as  ! 0, the spectral properties of this model are very dierent
to the cluster model (given by a sum over stabilizers).
To summarise, in this section we highlighted how spectral properties of the
one-dimensional AKLT model vary as it is deformed. We showed that the model
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Figure 3.5: Energy spectrum vs. the deformation parameter  for the two-body
Hamiltonian ~H() (top) and the three-body Hamiltonian ~H(3)() (bottom) on
a ring of 8 particles. The ground state for any xed  is identical for both
Hamiltonians. Two-site translational symmetry and Z2  Z2 symmetry have
been imposed. The colour of each line indicates the momentum of the eigenstate,
where red, orange and green indicate 0, =2 and  momentum respectively.
The k = 3=2 levels (not pictured) would be identical to the =2 levels due
to reection symmetry. Note that the system has two-site, rather than single-
site translational invariance. Thus, k =  momentum states under single-site
translational invariance (e.g. crackions Knabe (1988)) actually appear to have
k = 0 under two-site translational invariance. For clarity, only the lowest three
eigenvalues of each symmetry sector have been plotted in the two-body case.
We observe that an exponential number of excited levels approach zero energy
in the two-body case. In contrast, as  approaches zero, the three-body model
approaches the cluster model, which has commuting terms with a unit gap and
at dispersion (i.e. the same energy for dierent k).
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has a non-trivial dispersion relation for small  and the gap shrinks as the delity
of the ground state with a graph state increases.
Two-body vs. three-body interactions
In the previous section, we studied the spectral properties of the spin-1 two-body
Hamiltonian ~H(), which has a 1-D graph state as an approximate ground state
for small . Note that the Hamiltonian deformation dened in Sec. 3.2.2 is not
restricted to two-body Hamiltonians. Here we will highlight dierences between
~H() and higher-body parent Hamiltonians with the same ground state. We
observe that the gap of a three-body Hamiltonian with the same ground state
does not shrink when the ground state approaches a graph state. This three-
body Hamiltonian also has a trivial dispersion relation for small . We will see
that these properties are inherited from the three-body cluster Hamiltonian on
a line.
Let H(3) =
P
j hj 1;j;j+1 be a three-body parent Hamiltonian for jAKLTi,
where each interaction term hj 1;j;j+1 is dened as the projection onto the
orthogonal complement of the kernel of sums of pairs of neighbouring AKLT
interaction terms, i.e. hj 1;j;j+1 = Q(Pj 1;j + Pj;j+1). Periodic boundary con-
ditions are imposed by setting h0;1;2 := hN;1;2 and hN 1;N;N+1 := hN 1;N;1.
The resulting Hamiltonian is equivalent to the usual MPS denition of a par-
ent Hamiltonian, where hj 1;j;j+1 projects onto the orthogonal complement of
the kernel of the reduced density matrix of jAKLTi on particles j   1, j and
j + 1. Given that H(3) is frustration-free with jAKLTi as its unique ground
state, we can apply the deformation dened in Sec. 3.2.2 to obtain a three-body
Hamiltonian ~H(3)() =
PN
j=1
~hj 1;j;j+1() that has j 0()i as its unique ground
state.
The three-body Hamiltonian ~H(3)() and the two-body Hamiltonian ~H()
have the same unique ground state for  > 0. Furthermore, proving that ~H(3)()
is gapped is equivalent to proving that ~H() is gapped because
min()~hj 1;j;j+1()  ~hj 1;j() + ~hj;j+1() ;
 max()~hj 1;j;j+1() ; (3.17)
where min() and max() are, respectively, the smallest and largest non-zero
eigenvalues of ~hj 1;j() + ~hj;j+1(). These eigenvalues are independent of N
and j. More precisely, if ~H(3)() has gap (3)() then ~H() has a gap (2)()
satisfying (2)()  min()(3)()=2.
We have plotted the spectrum of ~H(3)() as a function of  next to the
spectrum of ~H() in Fig. 3.5. We see that the spectrum of ~H(3)() has a
discrete set of evenly spaced energy levels for small . As  tends to zero,
the ground state tends to a graph state. For all  > 0, the interaction term
~hj 1;j;j+1() is a projection operator with a four-dimensional kernel equal to
the support of the reduced density operator of j 0()i on particles j   1, j, and
j + 1. Varying  can simply be viewed as rotating the kernel of ~hj 1;j;j+1().
Consider the interaction term obtained by taking the limit lim!0 ~hj 1;j;j+1().
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By continuity, this is a projection operator with a four-dimensional kernel, that
contains the graph state jGi in its ground space. The only operator with this
property is the three-body parent Hamiltonian of the graph state, given by the
three-body stabilizer Hamiltonian
lim
!0
~hj 1;j;j+1() = I   1
2
(Pj 1PjPj+1 + Zj 1XjZj+1) ; (3.18)
where the Pauli operators Xj and Zj are supported on the logical subspace of j
(which we specied in Sec. 3.4.2). These terms commute and hence the limiting
Hamiltonian lim!0 ~H(3)() with N xed is trivially diagonalisable with unit
gap. Furthermore, this Hamiltonian has jGi as its unique ground state.
Contrast this behaviour to that of the two-body Hamiltonian ~H(), which
has a gap that shrinks to zero as  ! 0. Recall that (2)()  min()(3)()=2.
Despite the fact that (3) ! 1 as  ! 0, the gap of the two-body Hamiltonian
shrinks because min() = O(
4). In other words, the gap of the two-body
Hamiltonian shrinks because the smallest non-zero eigenvalue min() of the
sum of two neighbouring interaction terms ~hj;j+1() + ~hj+1;j+2() shrinks to
zero as  ! 0. In Fig. 3.5 we see that the three-body Hamiltonian ~H(3)(),
also has crackionic excitations with non-trivial dispersion at  = 1. However,
as  tends to 0, the dispersion relation of this model becomes completely at,
due to the fact the terms in the limiting Hamiltonian commute. In contrast, as
mentioned in the previous section, the dispersion of the two-body Hamiltonian
for small  is more complicated (it is certainly not at).
In this section we showed that there are many simple properties that the
three-body parent Hamiltonian ~H(3)() has that the two-body Hamiltonian
~H() does not have, despite both having the same ground state. In particu-
lar, the three-body Hamiltonian after taking the limit as  ! 0 has the graph
state as a unique ground state and a unit gap, while the corresponding two-
body Hamiltonian has a gap that shrinks as  is reduced, and has a degenerate
ground space in the limit as  ! 0.
3.4.3 Generalising spectral properties
In the previous sections we studied the spectral properties of a simple spin-1
chain that when deformed in the way described in Sec. 3.2.2, has a linear graph
state as an approximate ground state. Here we will discuss whether any of
these results can be generalised to systems that have two and higher-dimensional
graph states as approximate ground states.
We explained in Sec. 3.4.1 that the gap of any two-body Hamiltonian ~H()
constructed as in Sec. 3.4.2 shrinks to zero as  is reduced to zero and the delity
of the ground state with any graph state approaches 1. In the particular case
of the spin-1 AKLT model, described in the previous sections, we saw that the
error density is related to the gap by  = O(1=2). Unfortunately, describing
the trade-o between gap and delity, indeed even proving the existence of a
gap, becomes highly non-trivial in two and higher dimensions. While there do
exist computable sucient conditions for a frustration-free model to be gapped
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Perez-Garca et al. (2008); Knabe (1988), these are not always easy to check.
For instance, it is still unknown whether the honeycomb lattice spin-3/2 AKLT
model is gapped (although there is numerical evidence in favour of it being
gapped Garcia-Saez, Murg, and Wei (2013)).
Ultimately, we would like to prove that the model is gapped for suciently
small . If the Hamiltonian lim!0 ~H() has a graph state as a non-degenerate
ground state and a gap (as was the case in the three-body deformed AKLT
Hamiltonian in Sec 3.4.2) then H() will be gapped for small, non-zero . This
follows from results concerning the robustness of a gap in PEPS Cirac et al.
(2013). Unfortunately, we cannot directly apply this result to two-body Hamil-
tonians, due to the fact that for these models the ground space lim!0 ~H()
is exponentially degenerate. It may be possible to lower bound the gap of a
two-body Hamiltonian with the gap of a higher-body Hamiltonian with a sim-
pler spectrum, as we could do in the 1-D case, however the precise details of
this remain unclear for general graphs. We leave this question open for future
investigation.
Comparison to perturbation theory approaches
The spectral properties studied reveal a number of similarities between our
approach and approaches that use perturbation theory to obtain graph states
as approximate ground states of two-body Hamiltonians Bartlett and Rudolph
(2006); Grin and Bartlett (2008); Van den Nest et al. (2008). These ap-
proaches consider a Hamiltonian of the form H = gHS + V where HS is
regarded as the unperturbed Hamiltonian and V is a small perturbation. The
unperturbed Hamiltonian HS is exponentially degenerate, much like our limit-
ing Hamiltonian lim!0 ~H(). Adding the perturbation splits the degeneracy of
the ground space, selecting an approximation to a graph state jGi as a unique
ground state. Much like the  parameter in our model, reducing =g towards
zero in their model increases the delity of the ground state with the target
(encoded) graph state while reducing the size of the gap.
Both in our approach and in perturbation theory approaches, the graph
state qubits reside in two-dimensional subspaces of higher dimensional quantum
systems. One dierence is that, while perturbation theory approaches involve
spin-1/2 particles, our approach requires spin-1 and higher particles.
Furthermore, in the frustration-free models considered in this paper, the
ground states have simple MPS/PEPS descriptions. As we saw in the star-
lattice AKLT model example in Sec. 3.3, this property can be used to obtain
an exact expression for the statistics of the reduction procedure and the post-
reduction states, thereby allowing us to show that large regions in the parameter
space of the model have ground states universal for MBQC. In the perturbation
theory approach, errors due to the ground state encoding only an imperfect
graph state for non-zero =g are dealt with using quantum error correction
techniques. Hence, while both approaches necessarily result in imperfect graph
states as ground states, the imperfection is dealt with quite dierently.
While ground space properties are relatively easy to compute in our ap-
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proach, computing properties of the excited spectrum of the model for small 
is, in general, non-trivial. We saw in Sec. 3.4.2 that, even in one dimension, the
deformed AKLT model has a complicated dispersion relation for small . This
is in contrast to the at spectrum of the cluster model. Perturbation theory
approaches yield an entire approximate cluster Hamiltonian in the low energy
sector of a two-body Hamiltonian, rather than just an approximate ground state.
To summarise, our approach yields exactly solvable models with simple ten-
sor network ground states yet complex spectra, while perturbation theory ap-
proaches approximate an entire target Hamiltonian albeit with errors that have
to be analysed using perturbation theory.
3.5 Conclusions
In this paper, we constructed frustration-free two-body Hamiltonians that have
graph states as approximate ground states, where each graph state qubit resides
in a two-dimensional subspace of each physical particle. The approach works
by starting with a frustration-free, two-body Hamiltonian with a ground state
that can be stochastically converted to a graph state with local operations, then
applying a deformation to the Hamiltonian, parametrised by , such that in the
limit as  ! 0, the ground state tends to a graph state. The Hamiltonian
remains frustration-free and two-body under this deformation.
We can use this deformation to obtain phases of frustration-free, two-body
Hamiltonians which have ground states that are universal for MBQC. We con-
sidered the example of the spin-3/2 AKLT model on a star-lattice, on which
existing techniques for performing measurement-based quantum computation
fail. Applying this deformation to the star-lattice AKLT model, yeilds an ap-
parent sharp transition in computational power at   0:5, below which the
ground states are universal for MBQC.
Reducing  improves computational properties of the ground state, however,
for realistic models that have two-body interactions, it also reduces the size of
the gap. Hence there is a trade-o between the delity of the ground state with
target graph state and the gap of the model. While analytically deriving spectral
properties of these types of Hamiltonians is dicult in general, we performed
a detailed analysis of the 1-D AKLT model, which under deformation yields
a 1-D graph state as an approximate ground state. Restricting to two-body
Hamiltonians on a ring we found that the trade-o between the delity F of the
ground state with a graph state and the gap is given by 1  F 1=N := O(1=2).
For three and higher body Hamiltonians, there is no such trade-o (delity can
be improved arbitrarily at no cost).
New tools are required for a detailed analysis of the gap in two and higher
dimensions. One related line of future research would be to examine eect of
errors, and non-zero temperature on the computational power of the model. It
has been shown that graph states in three dimensions can be used for topological
quantum computation with high error thresholds Raussendorf, Harrington, and
Goyal (2006b, 2007) and a natural robustness to thermal noise Raussendorf,
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Bravyi, and Harrington (2005); Fujii et al. (2013). It would be interesting if
such robustness can be carried over to the graph state models described in this
paper, which can also be dened in 3-D.
We remark that this approach to constructing two-body Hamiltonians is
quite dierent to previous approaches that use stabilizers or perturbation theory.
It would be interesting to see if this type of construction can be used to dene
two-body frustration-free models for other information processing tasks.
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Chapter 4
Optical spin-1 chain and its
use as a quantum
computational wire
Abstract
Measurement-based quantum computing, a powerful alternative to the standard
circuit model, proceeds using only local adaptive measurements on a highly-
entangled resource state of many spins on a graph or lattice. Along with the
canonical cluster state, the valence-bond solid ground state on a chain of spin-
1 particles, studied by Aeck, Kennedy, Lieb, and Tasaki (AKLT), is such a
resource state. We propose a simulation of this AKLT state using linear optics,
wherein we can make use of the high-delity projective measurements that are
commonplace in quantum optical experiments, and describe how quantum logic
gates can be performed on this chain. In our proposed implementation, the spin-
1 particles comprizing the AKLT state are encoded on polarization biphotons:
three level systems consisting of pairs of polarized photons in the same spatio-
temporal mode. A logical qubit encoded on the photonic AKLT state can
be initialized, read out and have an arbitrary single qubit unitary applied to
it by performing projective measurements on the constituent biphotons. For
MBQC, biphoton measurements are required which cannot be deterministically
performed using only linear optics and photodetection.
4.1 Introduction
In recent years, a signicant amount of research has been dedicated to overcom-
ing the practical hurdles posed by the full-scale realization of quantum com-
puters. Measurement-based quantum computation (MBQC) Raussendorf and
Briegel (2001) is an alternative model to the standard circuit model Nielsen and
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Chuang (2004) that signicantly reduces the requirements for quantum com-
putation in a number of architectures including linear optics Nielsen (2004);
Browne and Rudolph (2005). In MBQC, the computation proceeds by perform-
ing single-particle adaptive measurements on a xed multi-partite entangled
\resource" state, which is dened on a set of quantum particles arranged on
a graph or lattice. The primary challenge for quantum computation is then
shifted from achieving controlled unitary evolution, as in the standard circuit
model, to preparing, maintaining and performing measurements on such a re-
source state. The cluster state Raussendorf and Briegel (2001) serves as the
canonical resource state for MBQC, but recently there have been a few pro-
posed alternatives Bartlett and Rudolph (2006); Gross and Eisert (2007); Gross
et al. (2007); Brennen and Miyake (2008); Doherty and Bartlett (2009); Chen
et al. (2009); Barrett et al. (2009). Among these, perhaps the most intriguing
are those that arise as the ground state of a \natural" spin-lattice Hamiltonian
with two-body nearest-neighbour interactions. With such a Hamiltonian model,
the resource state can be created simply by cooling Jennings et al. (2009), rather
than a complex dynamical construction.
One such proposal Gross et al. (2007); Brennen and Miyake (2008) is based
on the AKLT state, named after Aeck, Kennedy, Lieb and Tasaki Aeck et al.
(1987). The AKLT state is dened on a one-dimensional chain of spin-1 particles
and is the ground state of a two-body, rotationally-invariant, nearest-neighbour
antiferromagnet
HAKLT =
NX
i=1
~Si  ~Si+1 + 1
3
(~Si  ~Si+1)2 ; (4.1)
where ~Si is the spin-1 operator acting on the i-th site. In condensed mat-
ter physics, the AKLT state (an example of a valence-bond solid Aeck et al.
(1987)) was put forward as a rigorous example supporting Haldane's conjec-
ture Haldane (1983a,b) that 1-D Heisenberg chains with integer spins, as op-
posed to half-integer spins, have a non-zero energy gap. Along with its role
in theoretical condensed matter physics, the AKLT state has served as a tem-
plate for understanding quantum information processing using spin-chains with
a measurement-based model. The mathematical methods in quantum infor-
mation theory that were developed from generalizing the AKLT state, such
as nitely-correlated states Fannes, Nachtergaele, and Werner (1992), matrix
product states Perez-Garca et al. (2007) and projected entangled pair states
(PEPS) Perez-Garca et al. (2008), form the basis for our theoretical description
of MBQC and the development of new resource states. The AKLT state with
open boundary conditions is a perfect qubit channel, with maximal, innite-
ranged localizable entanglement Verstraete, Popp, and Cirac (2004). In fact, it
is an even stronger resource than this, as it can serve as a quantum computa-
tional wire Gross and Eisert (2010). A quantum computational wire is a linear
multipartite state (e.g., the ground state of a spin chain) that can transmit a
logical qubit along its length by performing single particle measurements, and
in addition can apply single qubit unitaries to this logical qubit. Quantum com-
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putational wires can be used as basic components of a quantum computer; by
coupling multiple such wires together, one can construct universal resources for
MBQC Brennen and Miyake (2008); Gross et al. (2007).
In the condensed-matter systems normally associated with strongly-interacting
spin chains, there is currently no way to perform the high-delity adaptive mea-
surements of individual spins required for MBQC. However, considerable recent
progress in developing strongly-interacting quantum optical and atomic sys-
tems on lattices with controllable interactions may allow us to synthesize such
an interaction in an architecture where such measurements are possible. Bren-
nen and Miyake Brennen and Miyake (2008) propose possibilities using neutral
atoms with controlled collisions in an optical lattice, or polar molecules with
dipole-dipole interaction in an optical lattice.
Here, we propose an experimental method for simulating an AKLT state
using single-photon linear optics, with biphotons as the spin-1 particles, and
detail its use as a quantum computational wire. This proposal takes advantage
of the high-delity projective measurements that are available in single-photon
experiments. Our proposal has many similarities to the linear optical methods
used to generate cluster states Nielsen (2004); Browne and Rudolph (2005), but
also some key dierences. First and foremost, our optical AKLT state uses
qutrits (three-level quantum systems) rather than qubits. Higher dimensional
systems, like qutrits, have been shown to possess advantages in quantum infor-
mation processing, for instance in terms of increased channel capacity Fujiwara
et al. (2003) and increased security in quantum bit commitment Langford et al.
(2004). Biphotons, being qutrits, are natural candidates for these applications,
and recent work has illustrated how these biphotons may be manipulated in lin-
ear optics. Lanyon et al. Lanyon et al. (2008) have experimentally demonstrated
how a given input biphoton may be transformed into an arbitrary biphoton, and
Lin Lin and He (2009) has shown how arbitrary unitary operations may be ap-
plied to biphotons. We make use of these recent capabilities for linear-optics
manipulation of biphotons for our proposal.
The paper is structured as follows. In Sec. 4.2, we review the denition
of the AKLT state and its description as a matrix product state. In Sec. 4.3,
we present our proposal for an optical implementation of the AKLT state, as
well as the methods for using this state as a quantum computational wire. We
conclude with a discussion in Sec. 4.4.
4.2 The AKLT state
We rst review some of the basic properties of the AKLT state. Consider a
one-dimensional chain of spin-1 particles. The AKLT state is a spin-1 antifer-
romagnet, and can be dened by requiring that that the total spin of every
neighbouring pair of particles is never J = 2. For an innite chain the Hamilto-
nian for which the AKLT state is the ground state may be constructed simply
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as
HAKLT =
X
i
P
(J=2)
i;i+1 ; (4.2)
where the operators P
(J=2)
i;i+1 =
1
6 (
~Si  ~Si+1)2 + 12 (~Si  ~Si+1) + 13 , are projections
onto the total spin-2 subspace of spin-1 particles i and i + 1, where ~S is the
spin-1 vector operator (Sx; Sy; Sz), and the summation index i goes over all
integers. This Hamiltonian is equivalent to that of Eq. (4.1) up to an additive
constant. As each P
(J=2)
i;i+1 operator is positive, a state that is a zero eigenstate
of each P
(J=2)
i;i+1 will also be a ground state of H
AKLT. The Hamiltonian HAKLT
is frustration free in the sense that there exists a state, the AKLT state, that
minimizes the energy of each P
(J=2)
i;i+1 term separately.
If we consider a nite N -particle chain with i running from 1 to N we
nd that the ground state is four-fold degenerate. In this case, a unique state
can be specied by appending spin-1/2 particles to the ends and adding the
condition that the total spin of the end spin-1/2 particle and its neighboring
spin-1 particle is 1/2. Specically, a Hamiltonian with the N -particle version
of the AKLT state with attached spin-1/2 particles (which will be referred to
simply as the AKLT state in the rest of this paper) as its ground state can be
constructed analogously to above as a positive sum of projections. In terms of
spin operators this Hamiltonian takes the form
HAKLTN = ~s0  ~S1 + ~SN  ~sN+1 +
NX
i=1
~Si  ~Si+1 + 1
3
(~Si  ~Si+1)2 ; (4.3)
where ~s is the spin-1/2 vector operator. The rst two terms are projections
onto total spin-3/2, and each summand is a projection onto total spin-2 (up
to irrelevant additive constants and positive multiplicative factors). The above
Hamiltonian is rotationally invariant and consists only of nearest-neighbour,
two-body interactions Aeck et al. (1987). It was proved in Aeck et al. (1988)
that the Hamiltonian has a non-zero energy gap between the ground state and
the rst excited state.
An explicit construction of the AKLT state is provided by its description as
a valence bond solid. In this description, two \virtual" spin-1/2 particles are
assigned to each spin-1 particle. One is prepared in a spin singlet state with
the neighbor to the left, and the other in a spin singlet with the neighbour to
the right. The pair of virtual pairs at each site are coupled to total spin 1.
Specically, consider a line of spin-1/2 singlets j  i = 1p
2
(j01i   j10i), where
j0i and j1i are spin-up and spin-down states, respectively, for the virtual spin-
1/2 particles. Neighbouring singlets end on the sites where the physical spin-1
particles will be located, as in Fig. 4.1a.
The pairs of virtual spin-1/2 particles at each site are projected onto the
combined spin-1 subspace (the triplet) to create an entangled spin-1 chain, which
is the ground state of Eq. (4.3), as in Fig. 4.1b. This construction using singlets
(which have total spin 0) ensures that the total spin of any neighbouring spin-1
particles is not 2.
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Figure 4.1: (Color online) Construction of the AKLT state from a line of singlets.
Ends of singlets are `projected' onto spin-1 creating an entangled spin-1 chain.
The AKLT state can then be expressed as
jV i = (
Nk=1Pkk)j  i01j  i12    j  i NN+1 ; (4.4)
where Pkk is given by
Pkk = jM1ih00j+ jM0ih +j+ jM 1ih11j ; (4.5)
and where jM1i; jM 1i; jM0i are spin-1 eigenstates of Sz (component of spin in
the z direction) and j +i = 1p
2
(j01i+ j10i). So the isometries Pkk project onto
the total spin-1 subspace of a system of two spin-1/2 particles.
From this valence bond solid description, we may derive the matrix product
state description of the AKLT state Verstraete, Popp, and Cirac (2004)
jV i =
X
1;:::;N
j1i    jN i1
A[N ]   A[1]j  i0;N+1 ; (4.6)
where 1 is the 2  2 identity operator, jii form any basis of the i-th spin-1
system Hi and the map A : Hi ! sl2(C) (the space of traceless 2 2 matrices)
is the bijective linear map satisfying
Pii(A[]
y 
 1)j  iii = jii : (4.7)
For example, in the basis fjM 1i; jM0i; jM1ig we obtain the operators
A[M1] =  
p
2j1ih0j =  
p
2 ; (4.8)
A[M0] = j0ih0j   j1ih1j = z; (4.9)
A[M 1] =
p
2j0ih1j =
p
2+: (4.10)
Note that the singlet has the property that 1 
 Aj  i = eA 
 1j  i where A
can be any 2 2 matrix and eA = yATy where y is the Pauli Y matrix. This
allows us to shift the A operators from particle N + 1 to particle 0 depending
on which is more convenient.
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4.2.1 The AKLT state as a quantum computational wire
We now demonstrate how the AKLT state can be used as a quantum compu-
tational wire, rst shown in Gross et al. (2007) (where a minor variation on
the AKLT state was used). The way in which information is transmitted along
an AKLT state is analogous to teleporting a qubit multiple times. If the right
measurements are performed on the AKLT state's spin-1 particles, a teleporting
measurement can be realized on its underlying, virtual spin-1/2 particles. In
Eq. (4.6) we have written the states of the spin-1 particles (labeled 1 to N) to
the left of the spin-1/2 particles (labeled 0 and N + 1). The state is in an en-
tangled superposition with the operators 1
A[N ]   A[1] acting on particles
0 and N + 1 in each term. This description is useful because it shows us how
the end two spin-1/2 particles will be entangled after measuring all the spin-1
particles. Performing measurements on every spin-1 particle in the basis  will
place the unmeasured spin-1/2 particles in a state of the form
1
A[N ]   A[1]j  i0;N+1 ; (4.11)
where the i now label measurement outcomes. If each A[i] is unitary, the
spin-1/2 particles will be maximally entangled. It turns out that A[] will be
unitary if and only if ji is a zero eigenstate of spin along some physical axis.
For instance, writing the AKLT state in Eq. (4.6) in the basis f 1p
2
(jM 1i +
jM1i); jM0i; 1p2 (jM 1i   jM1i)g, which are zero eigenstates of Sy; Sz; Sx, will
yield a Pauli operator for each A, specically
A
h
1p
2
 jM 1i+ jM1ii = iy; (4.12)
A[M0] = z; (4.13)
A
h
1p
2
 jM 1i   jM1ii = x: (4.14)
The fact that particles 0 and N + 1 can be placed in a maximally entangled
state, which can subsequently be used for teleportation, illustrates how the
AKLT state has the capacity to transmit a qubit along its length. An alternate
interpretation of Eq. (4.11) is that we may perform a measurement on particle 0
before measuring the spin-1 particles, and then the matrices A[] can be thought
of as `acting on' particle N+1. We will elaborate on this idea for a linear optical
implementation in the following sections.
4.3 Optical implementation
We now show how to create an optical AKLT state with linear optical methods
using entangled photon pairs, and subsequently use it as a quantum compu-
tational wire. Our proposed implementation encodes an AKLT state on an
entangled chain of polarization biphotons, which serve as the spin-1 particles of
the AKLT chain. Biphotons are pairs of frequency degenerate photons occupy-
ing the same spatio-temporal mode with a polarization degree of freedom. Each
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biphoton is a three level system, a qutrit, spanned by the three states
jHHi := 1p
2
a^y2H jvaci ; (4.15)
jHV i := a^yH a^yV jvaci ; (4.16)
jV V i := 1p
2
a^y2V jvaci ; (4.17)
Note that, in our notation, the state jHV i is dened as a symmetric state of two
photons in the same spatio-temporal mode. In this paper we will regard spin-
1/2 states as the horizontal and vertical polarization states of a single photon
j0i = a^yH jvaci ; j1i = a^yV jvaci ; (4.18)
and the spin-1 states as the symmetric biphoton states
jM1i = jHHi ;
jM0i = jHV i ; (4.19)
jM 1i = jV V i ;
where a^yH ; a^
y
V are the creation operators for horizontally and vertically polarized
photons, respectively.
4.3.1 Creating a photonic AKLT state
We propose creating a photonic AKLT state following the PEPS construction
described in the previous section. The method is illustrated in Fig. 4.2. In
this construction, the AKLT state is built from an underlying line of singlets
to which projections onto total spin 1 are applied at each site. The singlets
can be physically realized by generating a line of type-II phase-matched para-
metric down-converted (PDC) photon pairs Kok et al. (2007) in polarization
singlet congurations. The necessary projections Pkk can then be performed
by passing two photons, one from each neighbouring singlet, through a 50:50
beam splitter so that they undergo Hong-Ou-Mandel interference Hong, Ou,
and Mandel (1987). A well-known eect in quantum optics Mattle et al. (1996)
is that when two photons of an incoming antisymmetric singlet state interfere on
a 50:50 beam splitter, they will always emerge in separate arms. Conversely the
outgoing photons of any symmetric input state will always emerge together in
the same arm. Outputs for dierent beam splitter inputs are listed in Table 4.1.
Thus by discarding outcomes in which photons emerge in separate arms, one
projects out the singlet and ensures that both photons emerge as a biphoton.
This is equivalent to applying the operator Pkk to pairs of incoming polarized
photons.
The required postselection can be performed in more than one way. We
could, for instance, postselect on one arm of the beam splitter. In this case we
would place our detection apparatus on one arm and only regard the outcome as
successful if two photons are detected on that arm. In theory this is equivalent
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Input state (Bell state) State after beam splitter
(ayV b
y
V + a
y
Hb
y
H)jvaci (byLbyR   ayLayR)jvaci
(ayV b
y
V   ayHbyH)jvaci (byAbyD   ayAayD)jvaci
(ayV b
y
H + a
y
Hb
y
V )jvaci (byHbyV   a^yH a^yV )jvaci
(ayHb
y
V   ayV byH)jvaci (ayHbyV   ayV byH)jvaci
Table 4.1: Dependence of output on input photons. The creation opera-
tors ay and by create photons in separate spatial modes and the subscripts
H;V;D;A;L;R denote horizontal, vertical, diagonal, antidiagonal, left and right
circular polarizations respectively.
to only accepting zero photons on the other arm. Such a set-up is illustrated in
Fig. 4.2. In this case the probability of successfully adding a biphoton to the
chain is 3=8. We could double this probability by placing a detection apparatus
on each arm of the beam splitter. In this case the only unsuccessful outcome
is if one photon emerges on each arm, which is equivalent to detection of the
singlet state. The probability of unsuccessful postselection at each projected
site is 1/4, and thus the probability of successfully adding a biphoton to the
chain is 3=4.
In terms of preparing a resource for MBQC, the latter process has several
advantages compared with the `fusion' used to produce cluster states in linear
optics Browne and Rudolph (2005). First, the success rate is higher: 3=4 here
compared with 1=2 for fusion. Second, a failure outcome corresponds to a
projection onto a singlet state which, according to the rule of entanglement
swapping
23h  j
 j  i12j  i34 =  1
2
j  i14; (4.20)
removes two spin-1/2 particles (corresponding, in the successful case, to a single
spin-1 particle) from the chain but entangles the next two particles, converting
two singlet pairs into one. Therefore, the failure outcome has no negative eect;
the chain simply does not grow. After successful postselection, the resulting
entangled line of biphotons will exactly encode the AKLT state. In the case
where postselection is performed on both arms of the beam splitter, the aver-
age length of the chain (in terms of the number of spin-1 particles produced),
starting with N entangled photon pairs will be 3N=4   1. We now detail how
such a state may be used as a wire for MBQC. As we will show, the advantages
in this approach for preparing an AKLT state compared with the cluster state
are countered by more stringent requirements on the measurements needed to
manipulate quantum information on the wire.
4.3.2 Quantum computational wire operations
Using an AKLT state to encode and manipulate a qubit relies on the ability
to perform measurements on individual spin-1 particles. This capability is a
major challenge in most atomic and condensed matter systems. However, in
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PDCPDC PDC
biphoton biphoton single photonsingle photon
'0' '0'
BS BS
Figure 4.2: (Color online) An optical AKLT state with N = 2. A post-selection
of `0' counts at the photodetectors projects two photons, one from each neigh-
bouring singlet, onto three level biphotons. Polarization states are created via
parametric down conversion (PDC), and the two photons are interfered on 50:50
beam splitters.
quantum optics, it is possible (and in fact straightforward) to perform high-
delity projective measurements on single photons. Bi-photon measurements
are possible (although nontrivial) in our linear optical implementation, as we
will discuss.
The logical qubit is encoded on the physical state of the measured AKLT
state. This qubit evolves as single particle projective measurements are per-
formed on the state. A helpful way of visualizing this is in terms of a correla-
tion space Gross et al. (2007). The correlation space is the space on which the
matrices A[] act in the AKLT state's matrix product state description. A mea-
surement on spin-1 particle i will collapse the superposition in Eq. (4.6), and x
the matrix A[i] according to the measurement outcome i. Thus, successively
measuring particles 1 through to N will x a sequence of N matrices that act
on the correlation space. By choosing dierent measurement bases, dierent
operators can be applied to the correlation space. We will briey outline how a
qubit can be initialized, read out, or have an arbitrary qubit gate applied to it
in this scheme.
Qubit initialization
There are two ways to initialize a correlation space qubit in an AKLT state of
nite length, both of which are accessible with linear optical elements. One way
is to perform a measurement on the spin-1/2 particle labeled 0. For each term
in the summation of Eq. (4.6), we have particles 0 and N+1 existing in a singlet
state with a product of matrices acting on particle N +1. Note that the singlet
is antisymmetric, and so projecting the rst qubit onto some state jsi will x
the state of the other particle as js?i, the state orthogonal to jsi. Hence, if we
perform a measurement on particle 0 of the AKLT state and obtain an outcome
of jsi, we will initialize particle N + 1 in the state js?i. This qubit, on which
the matrices act, we regard as residing in the correlation space as discussed
above. In our optical implementation, initializing the qubit in the state j0i or
Xj0i may be achieved by measuring the polarization of the end photon in the
jHi; jV i basis. This measurement can easily be done by positioning a polarizing
beam splitter in the path of the end photon, and counting the number of photons
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biphoton
V
H
PBS
PD
PD
Figure 4.3: (Color online) The basic biphoton analyser, consisting of a polariz-
ing beam splitter (PBS) and photodetectors (PD). Performing a measurement
with the above device will initialize a qubit with probability 2/3. The three
distinguishable outcomes are, two photons arrive at V , two photons arrive at
H and one photon arrives at each V and H. Only the last of these will not
initialize a qubit.
(1 or 0) appearing on each arm.
Alternatively, a qubit may be initialized in the correlation space by measur-
ing any spin-1 particle in a disentangling basis where two of the three A[] opera-
tors are rank-1 (this is the maximum number of rank-1 operators possible in any
given basis). Initialization will occur when an outcome corresponding to a rank-
1 operator is obtained. For example, if a measurement of the i-th spin-1 particle
is performed in the basis fjHHi; jHV i; jV V ig, as illustrated in Fig. 4.3, then an
outcome of jHHi (with corresponding operator A[1] =  p2j1ih0j =  p2 )
will disentangle two halves of the AKLT state, transforming it toX
1;:::;i 1
j1i    ji 1i eA[1]    eA[i 1]j1i0 
 jHHii


X
i+1;:::;N
ji+1i    jN iA[N ]   A[i+1]j1iN+1 : (4.21)
We have written the two spin-1/2 particles to the right of the operators that
act on them. Particles 0 through to i   1 are completely disentangled from
particles i + 1 through to N + 1. We regard this operation as initializing two
qubits in the state j1i in two separate halves of the chain. An analogous result
will hold if an outcome of jV V i is obtained (except the qubit will be initialized
in the state Xj1i). If an outcome of jHV i is obtained then we replace the
matrix A[i] with a Z operator. While this Z operator is harmless (it may be
compensated for in subsequent operations), no qubit will initialized in this case.
Hence qubit preparation with this method is non-deterministic. A repeat-until-
success strategy on successive particles may still be used to prepare a qubit,
with probability 2/3 for each attempt.
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Readout of logical qubits
The procedure for logical qubit readout is analogous to initialization. If every
spin-1 particle has been measured, and the correlation space evolution is com-
plete, then the state of the correlation space qubit will be encoded on the last
unmeasured spin-1/2 particle. Readout may then be performed on this parti-
cle by direct measurement. A readout of the correlation space qubit can also
be achieved by performing measurements on unmeasured spin-1 particles. For
example, if the correlation space is in the state A[i]   A[1]j0i0 = j0i+ j1i
(so particles 0 through to i have been measured) then readout in the computa-
tional basis may be performed by measuring the next spin-1 particle in the basis
fjHHi; jHV i; jV V ig. An outcome of jHV i does not correspond to a readout,
but rather performs a logical Z Pauli operator to the correlation space. Note
that the modulus of the  and  coecients is unaected by this operation. On
the other hand, the probabilities of obtaining outcome jHHi and jV V i condi-
tional on jHV i not being detected can be shown to be jj2 and jj2 respectively.
Thus this type of readout faithfully preserves measurement statistics. As the
jHV i outcome does not correspond to a successful readout, this measurement
scheme is non-deterministic. A readout can be performed by repeatedly measur-
ing successive particles until a successful outcome (corresponding to successful
readout) is obtained.
Teleportation and unitary operations
We now illustrate how to choose a biphoton basis which will apply a desired
unitary operation to the correlation space using the explicit examples of the
`identity' operator as well as the Z and X rotations. Keep in mind that we are
just nding a basis with such a property, and it should not be assumed that
performing a measurement in these bases is actually possible using only linear
optics (it is not). We will address such problems in the next section. The basic
idea of using the AKLT state to perform arbitrary unitaries was rst illustrated
in Gross et al. (2007), however the approach we present follows that of Brennen
and Miyake (2008).
A set of matrices that is typically used to characterize the AKLT state (in
terms of its matrix product state description) are the Pauli matrices X;Y; Z.
The physical basis corresponding to these matrices is the Bell basis excluding the
singlet as can be found by substituting into Eq. (4.7), and corresponds to the bi-
photon basis fjHV i; jDAi; jRLig. We refer to such a basis as a spin-0 basis. We
have explicitly written the elements of this basis with the corresponding Pauli
operators in table 4.2. When a measurement is performed in this basis, one of
the three Pauli operators will be applied to the correlation space dependent on
the measurement outcome. We call this applying the logical identity with Pauli
`biproducts'. Biproduct operators are harmless in the sense that they generate
a nite group (the Pauli group), and can be accommodated using the standard
techniques of a transforming Pauli frame used in measurement-based quantum
computation Raussendorf and Briegel (2001).
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The bases required for performing Z andX rotations are similar to the above
spin-0 basis. First consider the Z rotation
Z() = e 
i
2 j0ih0j+ e i2 j1ih1j: (4.22)
The A[] matrices that act on the correlation space are traceless for any mea-
surement basis. Thus we should decompose Z() (which is not, in general,
traceless) into a product of a traceless operator with some biproduct \error"
operator. One example of such a decomposition is
Z() = X

e
i
2 j0ih1j+ e  i2 j1ih0j

: (4.23)
The Pauli X operator may be regarded as a biproduct operator. The measure-
ment outcome j1i corresponding to A[1] := e i2 j0ih1j + e  i2 j1ih0j = XZ()
can be found by substituting into Eq. (4.7) to be
j1i = 1p
2
(jHHi   e ijV V i): (4.24)
An alternative way of writing this state in terms of creation and annihilation
operators is as
(a^y2H   e ia^y2V )jvaci = (a^yH + e 
i
2 a^yV )(a^
y
H   e 
i
2 a^yV )jvaci; (4.25)
where the right hand side clearly illustrates the fact that the biphoton contains
two orthogonal photons.
We nd our other basis elements by doing a second decomposition of Z()
into traceless operators
Z() = XZ

e
i
2 j0ih1j   e  i2 j1ih0j

: (4.26)
The biphoton j2i corresponding to the operatorA[2] := e i2 j0ih1j e  i2 j1ih0j =
ZXZ() is
j2i = 1p
2
(jHHi+ e ijV V i): (4.27)
Thus, a basis for performing Z() rotations with Pauli biproducts can be chosen,
where the third basis element is specied by the rst two. This basis is listed
in table 4.2. The rst two measurement outcomes apply the Z() rotation
with X or ZX biproducts to the correlation space. The last outcome does not
apply a rotation at all, but only a harmless Z biproduct. As described in Gross
et al. (2007), obtaining this \failure" outcome (which occurs 1/3 of the time)
is heralded, and the rotation gate can be attempted again on the next spin-1
particle. The rotation can then ultimately be achieved with arbitrarily high
probability, given enough attempts.
To perform an X rotation, the method is similar to that of the Z rotation
and is obtained by exchanging the logical states j0i and j1i with the X eigen-
states 1p
2
(j0i  j1i) in all of the previous derivations. In terms of photons this
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Measurement outcome Correlation operator
Identity
jHV i Z
jDAi X
jRLi XZ
Z-rotation
1p
2
(jHHi   e ijV V i) XZ()
1p
2
(jHHi+ e ijV V i) ZXZ()
jHV i Z
X-rotation
1p
2
(jDDi   e ijAAi) ZX()
1p
2
(jDDi+ e ijAAi) XZX()
jDAi X
Table 4.2: Measurement outcomes and their corresponding correlation space
operators. The rst three outcomes correspond to measurement in the `stan-
dard' basis, where every correlation space operator is a Pauli operator. The
next three outcomes form the basis used for a Z rotation. The last three form
the basis used for an X rotation.
simply corresponds to replacing the H;V labels with the diagonal, antidiago-
nal labels D;A. Note also that the error operators X and Z which appear in
the Z rotations are swapped. The basis for performing X rotations is listed in
table 4.2.
We now consider the form of the measurements used for the identity oper-
ator, X and Z rotations (and in fact for any unitary operator). These mea-
surements must be performed in a biphoton basis for which each element is a
zero eigenstate of spin along some axis; thus the notation \spin-0 basis". In any
spin-0 basis, the matrices fA[1]; A[2]; A[3]g are equivalent to the three Pauli
operators up to conjugation by a unitary matrix. In order to restrict the biprod-
uct operators to a nite group, we restrict our spin-0 bases to those presented in
table 4.2, and using these an arbitrary single qubit unitary may be realized via
an appropriate sequence of measurements. To see this, rst note that any single
qubit unitary can be expressed as a product of three rotations Z(3)X(2)Z(1).
The X and Z rotations can be separately realized up to Pauli biproducts by
performing measurements in the bases listed in table 4.2. If the outcome only
induces a biproduct and not a rotation, which occurs with probability 1/3 when
the outcome in the last row is obtained, the same measurement can be repeated
until a desired rotation outcome is obtained. All of the biproducts, that depend
on the measurement outcomes, can be brought out the front of the rotations
using the relations XZ() = Z( )X and ZX() = X( )Z. Feed-forward of
measurement outcomes is required for this where, based on the knowledge of
previous measurement outcomes, the measurement angle  of subsequent mea-
surements is changed to either i depending on what Pauli operator must be
brought through. In this procedure, the length of the computation is inherently
random, however any single qubit unitary can be realized with suciently many
measurements.
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single photons
biphoton analysers
50:50 beamsplitter
Figure 4.4: (Color online) The standard Innsbruck scheme for Bell measure-
ments. If the biphotons could be detected with in a zero polarization degree
basis, then deterministic Bell measurements would be possible.
Spin-0 basis measurements with linear optics
The biphoton measurements described in the previous section are challenging;
as we now show, it is not possible to perform complete measurements in a
spin-0 basis for biphotons using only linear optical methods. A spin-0 basis
corresponds, in our proposed implementation, to a basis where each bipho-
ton has zero polarization degree, i.e., each biphoton contains two photons with
orthogonal polarizations. Each of the bases listed in table 4.2 have this prop-
erty. The fact that such a measurement cannot be performed in linear optics
is closely related to the problem of performing Bell measurements in linear op-
tics Lutkenhaus, Calsamiglia, and Suominen (1999). In fact, we can place upper
bounds on biphoton detection using the bounds for Bell measurements. Con-
sider the standard Innsbruck detection scheme Weinfurter (1994), illustrated in
Fig. 4.4. We have already listed the action of the 50:50 beam splitter on incom-
ing Bell states, encoded on separate beam splitter arms, in Table 4.1. When
either of the three symmetric Bell states are input, an output consisting of a
zero polarization degree biphoton superposed in both arms is obtained. When
a singlet is input, the photons emerge in separate beam splitter arms.
Let us assume that a linear optical measuring device is placed on each output
arm of the beam splitter. An incoming singlet is heralded by a single photon
count on each arm of the beam splitter. This will occur with probability 1/4
for maximally mixed input. If the measuring device that we placed on each
output arm of the beam splitter could deterministically distinguish between the
three zero polarization degree biphotons corresponding to the three symmetric
Bell states, then we could deterministically perform a Bell measurement. How-
ever, the no-go theorem for Bell measurements Lutkenhaus, Calsamiglia, and
Suominen (1999) says that it is impossible to perform a measurement that dis-
tinguishes Bell states with certainty using linear optics alone, even allowing the
use of feed-forward and auxiliary photons (note, however, success probabilities
may be improved arbitrarily at the cost of more auxiliary input photons e.g.,
in the KLM protocol Kok et al. (2007)). Hence we cannot distinguish between
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three orthogonal zero polarization biphotons using feed-forward and auxilliary
photons because if we could, we could also distinguish Bell states deterministi-
cally.
Also note a simpler version of the no-go theorem where no feed-forward or
auxiliary photons are used. In this case the probability of obtaining a Bell state
outcome given maximally mixed input cannot exceed 1/2. If we have a biphoton
analyser that projects onto a zero polarization degree biphoton with probability
1=3 then we can saturate this probability by placing it on one of the outgoing
arms of the beam splitter in Fig. 4.4. We will then have a probability of 1=4
of projecting onto a singlet and a probability of 1=3 3=4 = 1=4 of detecting a
biphoton corresponding to a Bell state, giving the total probability of projecting
onto a Bell state of 1=2. The basic polarization analyser illustrated in Fig. 4.3
saturates the probability of zero polarization degree biphoton detection. Coin-
cidence detection at the two detectors projects onto a zero polarization degree
biphoton, and this happens with a probability of 1/3 for maximally mixed in-
put. The illustrated set-up projects onto the jHV i biphoton, however with the
addition of waveplates this biphoton can be changed arbitrarily to any biphoton
of zero polarization degree. Hence we can project onto any of the biphotons in
table 4.2 and thus any of the correlation space operators A[] in the second
column of table 4.2 can be realized. However, using this measurement to apply
unitaries to the correlation space is nondeterministic. An undesirable measure-
ment outcome, corresponding to a double count at either of the photo detectors,
will apply a rank-1 operator to the correlation space, collapsing the state of the
correlation space qubit. The probability of obtaining a zero polarization degree
photon is 1=3 for each measurement, thus the probability of successful state
transfer along the AKLT state diminishes by a factor of 1=3 for each measured
spin-1 particle.
Despite the non-existence of a simple, deterministic linear optical scheme
for performing these measurements, one could investigate the use of techniques
from linear-optical quantum computing Kok et al. (2007) to use ancilla pho-
tons and single-photon measurement to induce the nonlinearity needed for such
measurements. The success of such schemes in performing Bell state analysis
with linear optics Langford et al. (2005) suggest that similar schemes may ex-
ist for spin-0 basis measurements of biphotons. Finally, we note that MBQC
schemes with single photons in general have very stringent requirements on the
measurements; current photodetectors are not yet able to meet the eciency
thresholds for fault-tolerant MBQC with optics including cluster-state schemes.
Potentially, in the development of novel detection methods with ultrahigh ef-
ciency (for example, based on the high-eciency transfer of optical quantum
information into atomic or solid state devices required for quantum repeaters),
the nonlinear measurements required for MBQC using an optical AKLT state
may indeed be possible.
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4.4 Conclusion
We have shown how an AKLT state may be realized in linear optics, and how
elementary MBQC operations, including state preparation, measurement, and
unitary logic gates, can be performed using this AKLT state as a resource. The
method we use to construct the AKLT state is inspired by its VBS construction:
starting with a line of photon pairs in polarization singlet states, we apply
projections onto total spin-1 by interfering pairs of photons, one from each
neighbouring singlet, on a 50:50 beam splitter and then postselect. The AKLT
state will then be encoded on an entangled line of biphotons. The success
probability of adding a single spin-1 particle to the photonic AKLT state can
be 3=4. We also showed how wire operations may be applied via measurement
using basic polarization analyser made of photodetectors and polarizing beam
splitters, including initialization, readout and the application of arbitrary single
qubit unitary operators.
Our proposal demonstrates how MBQC may be performed on a state from
condensed matter physics that is dierent from the cluster state, and which
leads to dierent requirements. Compared with a cluster state, the optical
AKLT state is signicantly simpler to create; however, its capacity for quantum
computation in linear optics is more restrictive due to limitations of biphoton
detection in linear optics. As biphotons cannot be measured in an arbitrary
basis, one cannot deterministically perform the measurements required to im-
plement unitary gates. An arbitrary single qubit unitary can only be applied
nondeterministically with linear optics. These issues highlight the restrictive
nature of biphoton measurement, and motivate the development of techniques
for biphoton measurement within a linear optical setting.
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Chapter 5
Conclusion
In this thesis we studied the computational power of matter using the frame-
work of measurement-based quantum computation (MBQC). In Chapter 2 we
investigated a phase of a spin-3/2 antiferromagnet in terms of the universality
of its ground states for MBQC, nding that a large region in the phase has
universal ground states and a transition between disordered and Neel ordered
ground states corresponds to an apparent transition in computational power. In
Chapter 3 we showed that a variety of natural spin models can be brought into
a computational phase, characterised by ground states universal for MBQC, by
deforming the Hamiltonian such that its ground state is close to a graph state.
This deformation preserves two-bodiness despite the fact that graph states can-
not be exact ground states of two-body Hamiltonians. In Chapter 4 we provide
a simple experimental proposal in linear optics for demonstrating basic MBQC
operations on a ground state encoded on a chain of biphotons.
Following these results, we can suggest a number of directions for future
research. In this work, and in numerous other works, a number of techniques
from many-body physics, e.g. tensor network methods, have been used success-
fully to nd new physical systems that are universal for MBQC. It is likely that
applying other techniques from many-body physics will reveal universality in
other physical systems. In particular, concepts and techniques from the study
of quantum phases in many-body physics, e.g. symmetry-protected topological
order and renormalisation, have promising application in nding new computa-
tional phases. These techniques have been used for this purpose in some early
work Else et al. (2012); Else, Bartlett, and Doherty (2012); Bartlett et al. (2010),
and it would be interesting if these results could be extended to natural spin
systems in two and higher dimensions.
Beyond spin systems, the fermionic PEPS formalism has been used to show
that fermionic systems can also be universal for MBQC, and a possible question
for future research would be whether computational phases exist in fermionic
models Chiu, Chen, and Chuang (2013). A related question to this is whether
the Jordan-Wigner formalism, which has been used to study matchgate circuits,
can also be used to study the computational power of systems for MBQC Jozsa
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and Miyake (2008).
There are also many potential avenues for future research in experiment.
The proposal described in Chapter 4 shows that basic MBQC operations can
be performed on a spin-1 chain in linear optics. An experiment based on this
proposal was performed soon after writing this paper Kaltenbaek et al. (2010).
While the optical spin-1 chain encodes a genuine AKLT state, the biphotons
do not interact and as such it cannot be regarded as a real ground state of
a Hamiltonian. A valuable experiment would be one that prepares a resource
as a ground state and demonstrates elementary MBQC operations in this set-
ting. This could potentially be achieved using atoms or molecules trapped in
an optical lattice.
This research connects to broader questions in the eld. Are there any
necessary or sucient conditions of physical signicance for a system to be a
universal resource for MBQC? Can we classify physical systems according to
the computational problems we can solve with them using MBQC? Answers
to these questions would provide valuable insight into the connection between
physics and computational power.
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